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■ Abstract 

> 

Sh ; 1 Introduction 

The asymptotic behavior, when e — of the family {Ie}e>o of the functionals Is{4') ■ T U {0} U {+oo}, 

] where T is a given metric space, is partially described by the De Giorgi's F-limits, defined by: 

(r-lnn4)(<^):= inf |lim/,(0e):</'s^'/'inrl, (1.1) 

■ (r - Ii^/e)(<^) inf ( li^ /e(0e) ■■(t>e^(l) in t\ , (1.2) 
(r — \iml^){ip) (r — lim/e)(0) = (F — \iml^){(j)) in the case they are equal. (1-3) 

Usually, for finding the F-limit of /e(0), we need to find two bounds. 

■ (*) Firstly, we wish to find a lower bound, i.e. the functional /(</») such that for every family satisfying 
5_j ■ 0£ — as e ^ 0+, we have lim ^^n4- Ie{4>e) > L{4>)- 



(**) Secondly, we wish to find an upper bound, i.e. the functional I{(f) such that there exists the family 
{'0e}e>o, satisfying ij^^ (j) as e ^ 0+, and we have lim£^o+ lei^e) < ^(0)- 

(***) If we obtain /(0) = 7(0) /((/)), then /(0) will be the F-limit of 7^(0). 

Let G e Ci(R™^^" X M^x^*""" x . . . x M"^^ x R",R) and e Ci(R",R) be nonnegative functions 
such that G(0, 0, . . . , 0, 6) =0 and let ^ G C^(M™, R'^^). Consider the energy functional with nonlocal term 
defined for every e > by 

= / -G(e"V(/)",...,£V(/),<?!)) dx+ / -W{(j))dx + - [ I Vi7q,(^) l^dx for </> : f2 ^ X c R™ . (1.4) 

Here given u : 17 ^ M'^^, 7f„ : ^> M' is defined by 

A^,, = div |yow| in the sense of distributions in R^ , 
VHu e L2(R^,R'x^), 
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where xo is the characteristic function of il. One of the fields where functionals of type (|1.4[) are relevant is 
Micromagnetics (see [T], [Hj, [3S], and other). The full 3-dimensional model of ferromagnetic materials 
deals with an energy functional, which, up to a rescaling, has the form 
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E,{m):^e / \Vm\^dx+— / W{m)dx + - / \VH,n\^dx, 



(1.6) 



where C M'^ is a bounded domain, m : Q, stands for the magnetization, (5^ > is a material parameter 

and Hm : M"^ R is defined, as before, by 



AHm = div {xnrn} in . 



(1.7) 



The first term in ()1.6p is usually called the exchange energy while the second is called the anisotropy energy and 
the third is called the demagnetization energy. One can consider the infinite cylindrical domain = G x R and 
configurations which don't depend on the last coordinate. These reduce the original model to a 2-dimensional 
one, where the energy, up to a rescaling, has the form 



Es{m) £ / \Vm\'^dx 



1 

Se JG 



W{m)dx 



\VHm'\''dx, 



(1.8) 



where G C is a bounded domain, m = (toi, TO2, TO3) : G — )■ S*^ stands for the magnetization, m' 
(mi, 7712) £ denotes the first two components of m, 6^ > and : ^ R is defined, as before, by 



AHjn' = div {xcm'} in R^ . 



(1.9) 



Note that in the case — e (i.e. the anisotropy and the demagnetization energies have the same order as 
e — >■ 0) the energy-functionals in (|1.6|) and (|1.8|) are special cases of the energy in ()1.4|) . 

In this work, using the technique developed in [S^ and [S^ , we construct the upper and the lower bounds as 
£ 4, for the general energy of the form (11.41) under certain conditions on Ai for functions (p G BV. In particular 
our upper bound improves, in general, one obtained in [25) . 

In order to reduce the problem ()1.4|) to the local problems studied in [32] and [33], the following trivial 
observation was made for the problem (|1.4p . For 4> : il A4, such that VE'((/') G L^, consider the variational 
problem 



J^^,j,{L) := inf <^ P^^4>{L) 



L{x) + xn{x)'f{cf>{x)) 



dx : L e L 



aN nlxN 



), div L — 



Then 



where given u : O 



Vff^(0)(x)| dx, 



l'- is defined by ()1.5|) . Moreover 
Lo{x) :— V-ff,i,(0)(x) — xn{x)'i' {(f>{x)) is a minimizer to (jl.lOp . 
Therefore the F-limit of the family of functionals (|1.4|) a.s (f)^ (j) where 

'W{(l)) = 
div*((/)) = inn 
*(0)-n = O ondn, 
is the same as the F-limit of the family of functionals 



(1.10) 
(1.11) 

(1.12) 
(1.13) 



b,L) 



iG(£"V(/)",, 



, sV(f>, (f>] dx 



-W{(f>) dx + - 



where 



L{x)+xn{x)-^{<l>{x)) 

: n 



dx 



M, and div L ^ , (1.14) 

as a 



as (0e,Le) (0, — xsi^'(</')) . More generally we have the following simple result (see also Lemma 
generalization) . 
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Proposition 1.1. Let -^{ip) G C(E'",M'^^) which satisfies 



(1.15) 



for some constant Co > and p > 1. Furthermore, for every e > consider the functional E^(^(j){x)^ : 
L^(r2,R'") — > [0, +oo) U {+00} which (possibly) can attain the infinite values. Next for every e > consider the 
functional Pe{(l){x)) : LP(f7,R'") [0,+oo) U {+00}, defined by 



where 5^ > Q satisfies \\m^^Q+ 5^ = Q and given 4i{x) G L''(r2,R™), H^r^\{x) 



dx . 



(1.16) 



is defined by 



{xo(x).^P(^(x))} 
V,i/*(^)(x) eL2(M^,M'x^), 



(1.17) 



Xa(a;) := 1 if x G fl and xa(a;) := if x E M.^ \ fl. Furthermore, for every e > consider the functional 
Q^{(j){x),L{x)) : LP{n,W^) x (M^ , M' >< ^ ) ^ [0, +00) U {+cx)} defined by 



Q,{<t>{x),L{x)) 



E^{(t){x)) + f 4„ L(a;) + xn{x) ■ -^{(jyix)) dx if div^ L{x) = 



00 otherwise . 

Next for every ^(a;) G LP(17,R™), suc/i t/iat div^ {xn{x) ■ ^'((^(x))} = in R^ set 
P(0):=infi lim Pe(</'£(a;)) : 4)e{x) 4>{x) in Lf(J7,R™) 
P(0):=infi Iim^Pe('/>£(a;)) : ^^(a;) ~> 0(x) inLP(f7,R™) 



(1.18) 



(1.19) 



Q(0):=inf<^ lim Qe(0e(a;), ie(a;)) : (/)e(x) ^ <?!)(a;) m LP(!1, R") 



and L, 



:{x)^ (-Xo(a;)-«'(0(x))) in 



Q{(j)):=M\ lim Qe(</'e(x), Le(x)) : M^) ^ H^) iP(f^,R") 



anrf L,{x) (^-xnix)- F{(j){x))^ in ^^(R^, R'^^) 



Then we have the following equalities 



P(0)=Q(0) and P(0) = Q(0). 



(1.20) 



(1.21) 



Next since the energy (|1.14p with Ai = R™ is a particular case of the functionals studied in [32], where we 
get the upper its bound and in [35], where we get its lower bound, we can apply this results to problem (|1.4p . 
Then we get the following Theorems providing the upper and the lower bound (see Theorems 12.11 and 12.21 for 
the proof). 

Theorem 1.1. Let 17 C R^ fee an open set with locally Lipschitz's boundary, let G e C1(R'"x^" x M™xAr("-i) ^ 

R) be nonnegative functions such that G(0, 0, . . . , 0, &) — and let 



j}7nxN ^ lU)7n 



X R'",R) and W e 0^(1 



Furthermore, let (p € PF(R^,R™) n L°° be such that \\D(f\\{dn) = 0, W{(p{x)) = for 
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a.e. a; G 57, diVa; ^'((^(x)) — in Q. and ^'(1^9(2;)) • n{x) = Q on dfl. Then there exists a sequence {ijje} 
C°°(R^,]R™) such that J^ip^[x)dx — J^(p{x)dx, for every q > 1 we have linij_j.g+ — (p in and 

Ih^ 4(V'e):= / -cie'^V^^, . . . ,eV^„^,) dx + [ -WUe)dx + - [ 
e^o+ Jo e V J Jn£ ^ Jr 



< 



|V-ff*(^^)| dx 



[ EpJ<P+{x),ip-{x),u{x))dH'^-\x), (1.22) 



where is defined by (jl.Sp . 



: inf 



^ i (^G(L"V"C(2/), • • . ,iVC(y), C(y)) dy + W{C{y)) + | Vi/*,c,.(y)|') dy 

Lg (0,+to), Ce5((p+,^-,/,)|, 



(1.23) 



satisfies 



^yH^X.i'iy) divy ^'(C(y)) in I^, , 

H^xAv + ^j) = H^.c_.„{y) yy G smc/i t/iat |y ■ < 1/2 . 
■^Hq,x,uiy) =0 Vy G SMc/i that \y -1^1 = 1/2, 



(1.24) 



and 



5((^+,^-,/,):= CeC"(R^,R™): C(y) - y • < -1/2, 



C(y) = ^+ */yiv>l/2 and C(2/ + i^j) =C(y) Vj = 2,3,...,iV , (1.25) 



Here 



where {v>i,v>2, • • • , i^n} C 



:={j/GR^: Kj-i/,|<1/2 Vj = l,2...7v} 



orthonormal base 



such that Ui v. 



Theorem 1.2. Let f7 C R^ and G, W, ^' and 6e the same as in Theorem Moreover, assume that 

there exists a constant C > and p > 1 such that |^'(5)| < + l) for every b G R™ and |a„|P/G < 

G(a„,...,a2,ai,5) + W{b) < G(X;"=i \aj\P + \b\P + l) for every aj G R™^^' and b G R™. T/ien /or ewrj/ 
sequence {ipe}e>o C Wj"^^(ri,R™) suc/i t/iat ip^ ^ ip in L^^^(ri,R™) as £ 0+, we have 

lim /e((^e):= lim <-f / G(£"V"<^e(a;), . . . , eV(pe(a;), (^eC^)) + M^((^.(a;)) ) drr + i / | Vi7*(^,) pdx I 



> / 

'onJii, 



;o(^+(x),^-(x),«.(a:))d7^^-i(a:), (1.26) 



where is defined by (jl.Sp and 



'o(^+,^-,i.) := inf I lis i(^G(£"V"Ce(y),...,£VCe(y),Cs(y))+M^(Ce(y)) + |Vi7°,^^_,(y)|')dy: 

Ce g5((^+,(^-,/,) s^zc/i i/iat Cs(y) ^x(2/,¥'+,<^",i^) in Lf(/,,R'")l, (1.27) 



where H° ^ ^ G M/d'^(/^, R*^) satisfies 



Aj,i?^,C,.(2/) = divj,*(C(2/)) m/,, 



(1.28) 
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S{Lp^,ip ,Iv) is defined by (|1.25p and 



ip+ if y-v >0, 
ip- if yu <0. 



Here := {y £ : \y ■ Vj] < 1/2 Vj = 1, 2 . . . A^} where {v>i, 1^2, ■ ■ ■ ,i^n} C is an orthonormal base in 
such that Vi :— v. 

As the boundary conditions for R^^q^v in (|l-24p are different from those for ^ there is a natural question 
either in general upper bound obtained in Theorem 11.11 coincides with the lower bound obtained in Theorem 
11.21 The answer yes will mean that we will find the full F-limit of in the case of BV n L°° limiting functions. 
The equivalent question is either 

£;per(v5+,(^-,i^) =-Eo((^+,¥'",«^), (1.29) 

where Eper{-) is defined in (II. 23^ and Eq{-) is defined by (|1.27p . As we showed in [37] this is indeed the case 
when m — 1. Moreover, in the later case the optimal profiles are one dimensional. It can be shoed that the 
question in the general case is equivalent to the question of equality of upper and lower bound arisen in |32) . 

m- 

Section [3] is devoted to the variational formulation of Method of Vanishing Viscosity for systems of Conser- 
vation Laws. 

Definition 1.1. Let F{u) = {F,j{u)] e Cl(R^R''''^)■ Set Fj{u) := {Fij (u) , . . . , Fkj (u)) : R'' R'' Vj £ 
{1,2,..., N}. Consider the system of Conservation Laws 

dtu + div:,F{u) =0 V(a;, e X (0, +00) . (1.30) 

We say that the function 77(u) eC^(R'',R) is an entropv for the svstcm p.36p and ^(m) := (*i(u), . . . , ^'jv(u)) e 
C"'^(R'"', M^) is an entropy flux associated with 77 if we have 

Vu'f3{u) = VuV{u)-VuF,{u) VweM^j G {1,2,...,7V}. (1.31) 

Let F{u) = {F„(m)} e (»''■, M'=^^), satisfying F{0) = 0, r]{u) G C2(M'=,M) be an entropy for the system 
pr30)) . which satisfies 77(m) > and 77(0) = 0, and *(u) := (*i(w), . . . , ^^(w)) £ Ci(R'',R^) be a corresponding 
entropy fiux associated with r/. Considered the following family of energy functionals {/^^^^(u)}, defined for 
u{x,t) : R^ X [0,r] ^R*^ by 

I,,f{u):^ I I (eV^{\/uv{'u{x,t))}\-V^HF^^{x,t)^^dxdt+[ i]{u{x,T)) dx , (1.32) 

Jo JR" V £ / JR" 

where HF,u{x,t) satisfies 

^xHf,u{x, t) = dtu{x, t) + div^F(u{x, t)) , 
and we assume that 

w(x,t) e 2.2(0, T; Wo •^(M^,M'^'))nC(0,T;L2(M^'^Mfe))nL°° and dtu{x,t) £ {Q,T-W-^'^{m.^ .M.'')) , (1.34) 
Since 

/ Vx{^u'n{y^{x,t))] '■^xHF.u{x,t)dxdt = I I 'Vuri{u{x,t)) ■ AxHF,u{x,t)dxdt 
Jk" Jo Jr" 

/ Vu?7(u(a;, t)) • (dtu{x,t) + diVj;F(u{x,t)^ j dxdt 
JR« ^ ^ 



I dt{r]{u{x,t))}dt]dx+ / y2'^uv{uix,t)) ■ VuFj {u{x,t)) ■ —^{x,t) dxdt 

J Jo JR" j^-^ ox J 

(rj{u{x,T)) - r]{u{x,0))) dx + [ [ dw.^'^{u{x,t))dxdt^ ( (ri{u{x,T))~r]{u{x,Q)))dx, 

V J In /ton /row V / 
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we can rewrite the expression of I^^p{u) as 



Ie,Fiu) = 



1 



/o Jm'^ £ 
Thus if there exists a solution to 



dxdt 



r](u{x, 0)) dx , 



(1.35) 



(1.36) 



(1.37) 



eA,{\7uv{u{x, t)) } = dtu{x, t) + div^F{u{x, t)) y{x, t) eR^ x (0, T), 
u{x,0)^vo{x) VxgR^. 

for some vq{x) G ^^(8^,8*^) n L°° then, by (jl.35p . u{x,t) is also a minimizer to 

inf |/ej?(w) : u(a;, 0) = Vo{x)^ . 

Moreover, in this case, 

inf {l^,p{u) : u{x,0) — vo{x)} — / ri(^vo{x)) dx , (1.38) 

and the function u{x, t) : x [0, T] — > M''' is a minimizer to (II. 37^ if and only if u(x, t) is a solution to (|1.36l) . 
On the other hand it is clear that if minimizers of (|1.38l) strongly converges in L'^ to some u, then u is a 
solution of 

' dtu + div^F{u) = Q V(x,<) e X (0,T) 
u[x, 0) — vq{x) . 

Moreover, from the theory of F-limits it is well known that u is a minimizer of the T — lim^_jo+ Ie,F{u). Thus, 
it is a natural question in the Method of Vanishing Viscosity for Conservation Laws to know the F-limit of the 
functional 

Ie,F{u) if u{x,Q) =Vq{x), 

-oo otherwise . 



(1.39) 



Je,F,vo (u) = 



(1.40) 



Indeed, as we have a lack of uniqueness of solution to (|1.39p . the solution obtained by the Method of Vanishing 
Viscosity will be that, which minimizes the F-limit energy among all possible solutions of (jl.39p . The question 
of F-limit for I^ p was arisen in |31j . In [27) we found its upper bound, achieved by one-dimensional profiles. 
Moreover we showed that this bound coincides with the F-limit in the case k = 1 i.e. in the case of scalar 
Conservation Law. In this paper we improve the upper bound in the case of systems and we construct also the 
lower bound. 

As before, we can reduce the problem (|1.32l) to local problems studied in "3^ and '33'. Indeed assume that 
/lo : R*^^^ satisfies div,M{x) = va{x). Then set L„ : R^ x (0,T) -j. R*^^^ by 



u{x,t) :^ ho{x) + / ^VxHf,u{x,s) - F(u{x,s))^ds . 



(1.41) 



where Hp^u{x,t) satisfies (ll.33|) . So L„(a;,0) = ho{x) and dtLu{x,t) — VxHF,u{x,t) — F{u{x,t)). Thus 
diVxLu{x,0) = vq{x) and dtdiVxL^{x^t) — AxHp,u{x,t) — diVxF{^u{x,t)) — dtu{x,t). Therefore we get 

diVxLu{x,t) ^ u{x,t), diVor:Lu{x,0) = va{x) and \7xF[F,u{x,t) = dtLu{x,t) + F[diVxLu{x,t)) . (1.42) 

Then we can rewrite the energy in (ll.32|) as 



Ie,F{u) 



1 



\l I (e^xi'^Tliu)]^ + -\VxHF,u\''\dxdt+]- f T]{u{x,T)) dx ^ 

^ Jo JR" V ^ / ^ JR" 



^/^{^■^{divxLu)} + - dtLu + F(diVxLu) j dxdt + - r](divxLu{x,T)) dx . (1.43) 
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From the other hand define 



2 1 2\ 1 /■ 

Va;{ V7y(rfit)2:L)} H — dtL + F(^diVxL^ \ dxdt + — / rj(^diVxL{x,T)'j dx 

if dw:ri(a;,0) = wo(a;) • (1-44) 



Then if for every L e L^j-j^iv ^ (o,r),R'=^^) such that dtL,diVj,L,V ^div^L e L^, we set := diVxL{x,t) 

then u e L^^R^ ^ (0,r),R'') n L2(o,r; VF-1'2(kJV))^ ^(^^ q) = '(;o(a;) and V^Hp.u = (R + dtL + F{diVxL)) , 
where div^R = 0. Thus in particular 



/ / \VxHF,u\^dxdt^ [ [ dtL^+F{divxLu)'^dxd< [ [ dtL + F{diVxL) 

JQ JR" Jo JR" Jo JR" 



dxdt . 



Thus, as before, we obtain that the T — lim and F — lim of I^^f when Ug ^ u are the same as the F — Um and 
r — Um of I^^F as {diVxL^,dtL^) {u, —F{u)). Applying the results of |32] and [33] we obtain the following 
theorems about the upper and lower bounds (see Theorems 13.11 and 13.21 for the equivalent formulations) . 

Theorem 1.3. Let F{u) e C'^{R'' ^R''^^) and ri{u) e C'^{R'',R) be an entropy for the system (fOO]) . which 
satisfies -qiu) > and r]{0) = 0. Furthermore, let u{x,t) e BV{R^ x (0,T),R'^') D {0,T; L'^{R^ ,R'')) n 
be such that u{x,t) is continuous in [0,T] as a function of t with the values in L°°(R^,R'^) and satisfy the 
following Conservation Law on the strip: 



dtv{x, t) + diVxF{v{x, t)) = V(a;, t) eR^ x (0, T) 



(1-45) 



Then there exists a sequence of functions {ve{x,t)^^^^ C Lf^^(R.^ x (0,r),R'^^^) such that Ue{x,t) := 
diYxV,{x,t) G i2(o,r;i7i(R^,R'=)) n C([0, T]; ^^(kA'^ Rfc)) n L°° and L,{x,t) ~dtv,{x,t) G ^^(R^ x 
(0,T),M''->^^); u,-^um f]^^^L''{R'^ x (0,T);R'=); F{u) in L^{R^ x (0, T), ^) ; dtu. + dW^L, = 0, 

?2e(a;, 0) = u(x, 0) and 



lim 

£-^0 + 



dxdt 



< 



lim < / / I £ 

e^0+ Jo Jr" 



S7x{Vuv{ueix,t))} ^ + ^\L,{x,t) ~ F{u,{x,t)y^ 



dxdt 



+ 



ri[ue{x,T)) dx 

v{ueix,T)) dxj 
dtv^{x,t) + F(^divxVe{x,t)'^ \ dxdt 
r]{divxV,{x,T)) dx\ < J Eo(u+{x,t),u~{x,t),v{x,t)^ dn^{x,t)+ J r]{u{x,T)) dx , (1.46) 



hm < / / I £ 

e^0+ I ./o jRiv 





' 1 

+ - 


)} 





where HF,u{x,t) satisfies (|1.33|) . 
Eq(^u~^ ,u~ ,v) := inf 



dyds 



L e (0, +oo), C e 2^'^ {u+, iv) , 7 e Z^^) (i;^(u+), i?(^-), j^) , dsCiy, s) + dWy j{y, s) = 

2 1 



Ei(u+,u-,v) :=inf <( ^ ( L 



^yl V„r/(divj^^(y, s) 



))}f + ^|ase(2/,s) + i^(div,e(y,s))|'^ 



dj/ds : 



L e (0, +oo), e e Z^^^ w", i^) L (1.47) 
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with 



u ,u ,v) := 



{divy^,-dsC){y,s)^{u-,F{u-)) tfyu< -1/2, {diYy -ds^iy, s) = {u+ , F{u+)) if yu>l/2 

and {dwyi,-dsi){{y,s) + v,) = {<Xwyi,-dsO{y,s) Vj = 2, 3, . . . , TV I , (1.48) 



z.) |c(y,s) eCi(M^ xM,M^) : C(y,s) = ^x" if yu< -1/2, 

Ciy, s)=u+ if yu> 1/2 and Q{{y, s) + u^) - C(y, s) Vj = 2, 3, . . . , TV I , (1.49) 



Z^^\A,B,u) ■.^U{y,s)^C\l 



,N 



nkxN 



): j{y,s)^B if yu <-l/2. 



j{y, s) = A if yu> 1/2 and j{{y, s) + v^) = ^{y, s) Vj = 2, 3, . . . , TV I . (1.50) 



Rere 1^ '■= {y G 
orthonormal base i 



\y-i>j\ < 1/2 Vj = 1,2...A^} where {i'i,V2, ■ ■ ■ ,i^n,i'n+i} C 
such that Ui :— u. 



Theorem 1.4. Let F{u) G C""^ (M*^, M'^'*^) and r]{u) € C^(M.'',M.) be a convex entropy for the corresponding 
system which satisfies t]{u) > 0, t]{0) = and \F{u)\ < C{\u\ + l) Vu € R'' , for some constant C > 0. 

Furthermore, letu{x,t) e (M^ x (0, T), nL°° (O, T; L2(M^, «*=)) nL°° be such that u{x,t) is continuous m 
[0,r] as a function oft with the values in L°°(M^,M'^) and satisfy (ll.45|) . Then for every sequence of functions 
y{x,t) e L'^{Q,T;Hl{R^ ,M/')) r\C{[Q,T];L'^{M.^ ,m/')) n L°° and L^{x,t) G L'^{R^ x (0,T),M'=^^) such that 
y~^u in L2(rJV ^ (o,T);M'=), F{u) m L^{R^ x (0,T);M'=^^) and dtu,+div,:L, = we have 



lim < / / I £ 

s^0+ Jo A" 



lim 



2 1 ^ \ ; 

Vj;{V„77(ue(a;,t))} + - L£(a;, i) - i^(ue(x, t)) \ dxdt + r](y{x,T)) dx 



c|v„77(div^ Ve{x,t))^ 



)} 


' 1 

+ - 







dtVe{x,t) + F(diva; i;£(a;,t)) 



dxdt 



> lim < / / I £ 

Jo JR" 



2 1 

V^{V„7y(ue(a;,i))} + - V^i/F,n.(x,i) 



R" 



ri{ue{x,T)) dx 



> / /q ( u^(a;, t), u {x,t),i'{x, t))dH^{x,t)+ I f]{u{x,T))dx, (1.51) 

Jj^ ^ ' JR« 

where HF,u{x,t) satisfies (ll.33p . i'£(a;,t) e X (0,T),M''^^) zs SMc/i f/iaf U£(a;,t) = div^Ve{x,t) and 
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Ls{x,t) = -dtv^{x,t), 



Io(u^,u ,v) := inf < lim 



{ V„77(C,(y, s)) } p + ^\ieiy. s) - F{Ceiy, s)) 



dyds : 



and dsCeiy, s) + divy ^^iv, s) =o\ 



inf <! liffi J_ I Vj, { Vuv{ divy Uy , ^\dsUy , s) + F { divy Uy,s))\ ^) 





2 1 
+ - 


)} 


e 



dyds 



div, ^ X(y, m Rfc) _ a^^^ ^ ^(y, u+,u-,u, F) m R^xAT) | ^ (152) 

u+ if y ■ u > , 



and 



xiy,u+,u ,v,F) 



u if y-v <0, 

F{u+) ifyu>Q, 
F{u^) if y ■ v> <0 . 



Remark 1.1. In what follows we use some special notations and apply some basic theorems about BV functions. 
For the convenience of the reader we put these notations and theorems in Appendix. 

2 The non-local problems related to Micromagnetics 

Lemma 2.1. Let fl C be an open set (possibly unbounded) with locally Lipschitz's boundary and let 



Lk,N{^) [l{x) e L^{n,R''''^), divL{x) = o} . 
Given M(x) e i^(ri,R'^^^) consider the functional Jm{{L{x)) : Lk,N{^) K defined by 



Jm{L{x)) / L{x)+M{x) 
Jn 



dx , 



and consider the variational problem 



Jo := inf I^Jm{L{x)) : L £ Lk,N{^) 



(2.1) 



(2.2) 



(2.3) 



Then there exists a unique minimizer Lo{x) E Lk.N{^) to ()2.3p . i.e. Jm{Lo{x)) — Jq. Moreover we have 
Lo{x) + M{x) = \IHm{x) where Hm{x) € Wl^^{R^ ,M'^) is a function which satisfies 



A^Hm{x) = diva; M (x) in 
Hm{x) =0 on dil , 



(2.4) 



Proof. Clearly Lfcjv(ri) is a closed subspace of the Hilbert space ^^(il, R'^^^). Therefore, clearly there exists a 
closed subspace V C L'^{fl,R''^'^), such that V is orthogonally complement of Lfc,jv(f^) in ^^(fi, R''^^), i.e. 



u(x) : v(x) dx — , \fu{x) G Lk^Ni^) Vw(a;) G V , 



(2.5) 
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and for every h{x) £ L^(f2,R'^^^) there exist uniquely defined Uh(x) e Lk^Ni^) and Vh{x) e V such that 
h(x) = Uh{x) + Vh{x). Thus, in particular, there exist uniquely defined P{x) G L^^nI^) and Q{x) G V such 
that ~M{x) = P{x) + (5(a;). On the other hand for arbitrary L{x) G Lfcjv(ri), using (|2.5I) we have 



JM(i(x)) := / i(a;) + Af(a:) 



da; = 



da; = 



P{x) - L{x) 
P{x) ~ L{x) 



dx 



dx 



{P{x) - L{x)) + Q{x) 

Q{x) ^dx + [ {P{x) - L{x)) : Q{x)dx = 
Jn 

P{x) + M{x) ^dx = Jm{P{x)) + [ P{x) - L{x) ^dx . (2.6) 
Thus Lq{x) := P{x) is unique minimizer to (|2.3p . Moreover, since P{x) G Lfcjv(il) and Q{x) G 1^ we have 

Q(a;) : L(a;) da; = , \IL{x) £ Lk,N{^) ■ (2.7) 

I 

Thus since La{x) + M{x) = —Q{x) we obtain 

{Lq{x) + M{x)) : L{x) da; = , \/L{x) G Lk^ni^) ■ (2.8) 



In particular. 



{Lo{x) + M{x)) : 5{x)dx = 0, V5(x) G C^i(r2, M'^''^) such that divS{x) = 



(2.9) 



Thus clearly there exists a function Huix) G W,j;^(f7,R*) such that Hnjix) G ^/^^^((^^ j^fc) f^^. 

every bounded 

open subset G d Q and \I xHm{x) = Lq{x) + M{x) on il. Thus in particular 

^xHm{x) — divj; (VxHm) = divLo(a;) + div M(a;) = divj; M{x) . 
Moreover obviously VxHm{x) G ^^(f^^ k^xw-j YiriaXly by we have 



■m{x) ■ [5{x) ■ n{x)] dn^'-^x) = I [VxHm{x) : 6{x) + Hm{x) ■ div<5,(a;)} 



dx = Q 



V(5(a;) G Cl{n,m!''^^) such that div(5^(a;) ee . (2.10) 

Thus Hm{x) = on 951 in the sense of trace. This completes the proof. □ 

Lemma 2.2. Let C fee an open set with locally Lipschitz's boundary and G{i]j, x) : M™ x — > M.'^^-'^ fee a 
measurable Junction, continuous by the first argument tp, which satisfies 

|G(^,a;)| < ColV'r/^ + /io(a;) V?A G M", a; G f7 , (2.11) 

for some constant Cq > 0, p > 1 and /ig G -L^(r2,R). Furthermore, for every e > consider the functional 
E^{ip{x)) : LP(r2,R™) [0,+oo) U {+00} which (possibly) can attain the infinite values. Next for every e > 
consider the functional Ps{^iIj{x)) : 7^^(17, M™) — > [0,+oo) U {+00}, defined by 

PeiiKx)) ■■= E,{ij{x)) +^ f V.,Vg,4x) ^dx , (2.12) 

where 6^ > satisfies lim£_j.Q+ — and given i/^ix) G L^(il,R™), Vg,^{x) : R"'^ — R'^ is defined by 

A,j:Vg,',ij{x) = div^ |xo(a;) • G(V'(a;),x)| m 



^xVci^ix) G i 



(2.13) 



with Xii{x) -=1 if X G ft and Xii{x) ■= if x G M.^ \ ft. Furthermore, for every £ > consider the functional 
Qe{^{x),L{x)) : LP{n,W^) x L'^{R^ ,m.^''^) [0, +00) U {+00} defined by 



Q4^ix),L{x)) 



Ee{4>{x)) +-^J^^ L(x)+xn(x) •G(^(x),x) 
+00 otherwise . 



dx 



if div^ L(a;) = , 



(2.14) 
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Next for every ip{x) G LP{n,M."'), such that div^ {xn{x) ■ G{ip{x),x)} = m set 
P{ip) := inf \ lim Pe{Mx)) ■ M^) ^ 'fiix) in LP{n,M."') 



(2.15) 



and 



P{ip) := inf <^ lim PeUe{x)) ■ M^) ^ fix) in LP{n,W) \ , 



Q(^):=inf<^ lim Qe{Mx), L^ix)) : ipeix) ^ ip{x) m Lf(17,R™) 

[ £->0 + 

and ie(x)-> (^~xn{x)-G{ip{x),x)^ m L^{R^ ,R''''^)^ , 
Qiip) :=infi iW QJijJx),LJx)) : i^Jx) ^ ip{x) m U'{Vt,W^) 

I £-i-0 + 

and L,{x) -^(^-xnix)- G{ip{x),x)^ m L^{M.^ , M'=^^) \ , 



(2.16) 



Then we have the following equalities 

P{f)=Q{^) and P(^)=Q((^). (2.17) 

Proof Fix some Lp{x) e LP(17,R™) such that div^ {xn{x) ■ G{(p{x),x)} = in M^. Then by (pjT|) we have 
G{ip{x),x) e L^^^^KfexW) ^j^^ ^j^^g 

-Xnix)-G{ipix),x) eL^R^,R^^^). (2.18) 

Next fix some sequence {ipe{x)} C Lp(17,M™) such that ip^{x) (p{x) in LP(f],M'") as e 0+. Then by (|2ll|) 
we have 

-Xn(^)-G(V'e(a:),a;) ^-Xo(.t)-G(^(x),x) in ^^(rA^^ RfcxTV) _ (2.19) 
On the other hand by Lemma 12.11 together with (|2.12p , (|2.13p and (|2.14p clearly we have 

Q,{Mx),Lix)) > Pe{Mx)) VL(.t) e L2(M^,M'=x^). (2.20) 

Moreover, if we set 

Le{x):^\/^VG,^{x)-xn{x)-G{iJe{x),x) Vx £ (2.21) 
then L^{x) G ^^(R^, ]R'=^x^), div4(x) ee and 

Q,{Mx),L,{x)) = P,{Mx)) ■ (2.22) 

In particular since by (|2.22l) . (|2.14l) and (I2.19p . for arbitrary sequence e„ 0+ as n ^> +oo, we must 

have 

L,Jx) ^ -Xn{x) ■G(ipix),x) in L^{R^,R^''^) if Ih^ P,„ (V's„ (x)) < +oo , (2.23) 
Moreover, by (j2.22p . in this case we have 

li^ Qe^{^eAx),L,^{x)) ^ Ih^ P,,^{iP,^{x)) <+(x,. (2.24) 

On the other hand by (|2.20l) for every sequence L^^(x) —Xn{x) ■ G[ip{x),x) in L'^{R^ ,R''^^) we obviously 
have 

En Qe„(A,,{x),L,^{x)) = +0O if Im P,, ^{x)) ^ +oo . (2.25) 
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Therefore, by (|2.23l) . (|2.24p and (|2.25p in any case there exists a sequence X^^ (x) —X^i^) " G{^ip{x),x') in 
L2(M^,M'=x^) so that 

IS Qe„(i/'e,.(^),is„(x)) - liS Pe„(^e„(a;)) • (2.26) 
Thus since Sn 0'^ i^e ^ 'P were chosen arbitrary, by (|2.26p we deduce 

P{ip)>Q{(p) and P{(p)>Q{ip) \/ipeLP{n,R"'). (2.27) 
On the other hand, by p.20p . clearly 

P{ip)<Q{(p) and P{(p)<Q{ifi) e LP(17,M™). (2.28) 

This completes the proof. □ 



Next plugging Lemma |2. II into Theorem 4.2 in 132] we deduce the following upper bound result for problem 
with a non-local term. 

Theorem 2.1. Let fl C be an open set with locally Lipschitz's boundary. Furthermore, let G € C (M™ x 
M9,M'=^^) andF C^(M™x^" x ... x E"^^ x r xR9,M), be such that F>0. Next let ip e By(E^,E") n 
L°° and f e BVioc(R^,K'') n L°° 6e such that \\Dip\\{dn) = 0, F{0, . . . ,0,ip{x)J{x)) = for a.e. x e Q, 
divx G(^(p{x), f{x)) = Q in n and G(^(p{x), /(a;)) • n{x) ~ on dil. Then for every 6 > there exists a sequence 
{V'e}e>o C C°°(E^,E™) such that j^^^[x)dx — J^ip{x)dx, limg_^g+ — Lp in and limg_j.Q+ e-'V-'ip^ — in 
LP for every p > 1 and every j £ {1, . . . , n}, {e"V"V£}£>Oj ■ ■ ■ , {£V'0e}6>o {ipe}£>0 '""e a bounded in L°° 
sequences, and we have 

'l /■ ^/ , . . „ \ . 1 

6-^0+ I £ 



lim { - / ple'^V^i^eix),. . . ,eVMx)Ae{x), f{x))dx + - / \^VG.,pfdx) 

{x),p- (x),v{x),x^dU^-^{x) ^ b , (2.29) 



< / K 



where Vq.^ ■ E™ — R*^ is defined by 



;VG,v(a;) = divj; ^^xn{x)G{'>p{x), f{x)) | m 



A, 

(2.30) 



:= inf | iF(L"V"C(y), iVC(y), ((?/),/+ (a:)) rfy+ 
iF(L"VC"(2/), • • ■ , iVC(y), C(2/), /-(a:)) + | Vi7G.c....'(y) f 



Lg(0,+oo), Ce5((p+,¥'",/.)L (2.31) 



w/iere Hg,c,x,,. e lFf„f (R^ , E'' ) satisfying 



with 



Hg,c,xAv + ^j) - HGX,xAy) e R^ smc/i t/iat Iz/ • 1^1 < 1/2 , (2.32) 
, ^HGx,xAy) = Vy G R^ siic/i i/iai ly • - 1/2 , 



cr/,a:(y) <^ ^ (2.33) 
' f-{x) tfyu<0, 
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CeC"(R^,R'") : C(y) = ^" ifvv<-\/2, 

C(y) = ^+ if yv> 1/2 and C{y + i^,) = C(y) Vj - 2, 3, . . . , iV [> , (2.34) 



anrf 
Here 

:= [y e^"" : \yu,\<l/2 Vj = 1, 2 . . . iv} , 
/+:=|yGM^: y ■ u e {0,1/2) and\y ■ < 1/2 Vj = 2, 3 . . . 7v| , 
:= {yeM^ : yi/e (-1/2,0) and |y .1^,1 < 1/2 Vj = 2, 3 . . . iv} , 

where {f i, 1^2, ■ ■ • , ^n} C is an orthonormal base in such that Vi := f. 

Proof. Since divj; G'(</7(a;), /(x)) = in il and G{(p{x), /(x)) • n{x) = on d^l we easily deduce that 

Aw,{xn{x)G{'p{x),f{x))} = in 

in the sense of distribution. Then by Theorem 4.2 in we deduce that for every 5 > Q there exist sequences 
{^e}e>o C C°°(M^,M'") and {L^}^>a C C°°(M^, M'^^^) such that ^^iP^{x)dx = ^^^ip{x)dx, hm^^o+ = </? 
in LP and hm£^o+ s-'^-'i'e = in L^' for every p> 1 and every j e {1, . . . , n}, {£"V"i/'e}j>o, ■ . ■ , {eVV'e}e>Oj 
{V'e}£>o are a bounded in L°° sequences, divL^ = in M^, /) in and we have 



hm 

e-s-0+ I £ 



1 /■ F{e''V'^^,{x),...,eVi;,{x),^,{x),f{x))xn{x)dx + - [ L, ~ xnG{i^,j) 

S Jon \ / £ Jon 



dx 



< 



En 



.(^ip+{x),ip-{x),u{x),xy'H^-\x) + S , (2.35) 



where 



inf <! -F(L"V"C(y), • . • , Lvay),C{y), f^{x)) dy+ 



-F{L"VC{y), . . . , LVC(y), C(y), f-{x)) dy+ - ^y) - G{C{y),af^Ay)) 



- L 



dy : 



Le (0,+oo), C(^S{ip+,ip-,I^), eG5o((^+,/+,¥'",r,/.)|, (2.36) 

with 

5(^+,^-,/.) :=|ceC"(R^,r"): C(y) = if y • < -1/2, 

Ciy) = (^+ if y • 1/ > 1/2 and C(y + i^j) = C(y) Vj = 2, 3, . . . , 7v| and 
5o((^+, /+,(^-, /-,/.):= |eeC"(M^,M^-^^) : divyC(y) = 0, ^(y) = G(^", /") if y • < -1/2, 

e(y) = G(^+,/+) if yi/>l/2 and ^(y + z.,) = ^(y) Vj = 2, 3, . . . , 7v| (2.37) 
Thus using Lemma [2TT1 by (|2.35p we deduce 

) ^ f I?/^nv7n„/. /^N ^V7„/. ('™\ 1 ^ f IV7TA„. |2, 



F £"V'Vs(x),...,£VV'e(x),Ve(a;),/(a;) / iVFcv-.Tdx 



< / Eper{^+ix),ip-ix),i^{x),x]dW'-'{x) + 6 , (2.38) 
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where Vg defined by (|2.30l) . Therefore, in order to complete the proof of the Theorem it is 

sufficient to prove that we always have 



(2.39) 



(see the definitions of the corresponding quantities in (|2.36p and (|2.3ip '). So fix some C G S{ip~^,(p ,1^) and 
i > 0. Then it is sufficient to prove that 



inf ■ 



I = ^ \VHGx,.Ayfdy, (2.40) 



where Hgx,x,^ e Wf;l{M.^ satisfies (gSH). Indeed set 



n 



i^UeiLlK'^.K'"'^): div,e(2/)=0, ay)^G{ip-J-) if y • < -1/2, 



e(2/)=G(^+,/+) if y«^>l/2 and £,{y + j) ^ £,{y) Vj = 2, . . . , TV [ D 5o(^+, /+, /-, /.) . (2.41) 



Then clearly by the density arguments we have 

e(y)-G(C(y),a/,,(2/)) \y : ^ e So{v+ J+ , T , I.) 



inf ■ 



inf ■ 



ay)-G{ay),<JfAy)) dy:^er{^+J+,ip-J-,U)\. (2.42) 



On the other hand clearly exists a minimizer to the r.h.s. of (|2.42p i.e. there exists such e T(<p^, (p , f , /^) 
that 



M-G{ay),<yfAy)) 



dy 



inf ■ 



C(y)-G(C(2/),a/,,(2/)) dy : ^ e r{^+ J+ , T , I^) \ . (2.43) 



Moreover, clearly satisfies 



2 /laN TakxN\ 



eo(y) -G(C(y),a/,,(j/))j : eiy)dy for every G LL( 

such that divj, e'(y) = 0, ^(y) = if |y-/y|>l/2, and e'(y + i^j) = e'(y) Vj = 2, . . . , iV . (2.44) 

In particular there exists H e VK/„f (M^, M'^'): such that H{y + Uj) = H{y) Vy G M^, Vj = 2,...,N and 
SJyH{y) = G{C,{y),afAy)) - ia{y) on A^i. where A^^ := {y G : |y -i^l < 1/2}. On the other hand since £ 
7'(<y5+,/+,<^",/",/i.) we clearly have yH{y)xN^{y) = G(C(y), cr/^x(y)) - £.o{y) for every y G M^. Thus since 
divj,Co(y) = we obtain div^ {Vj,i?(y)xAr„ (y)} = div^^ G(C(y), cr/,x(y)) on R^. Therefore, i?(y) = Hgx,x,u 
where Hgx,x,l> satisfies (|2.32p . Plugging it into (12. 43^ we deduce 



(y) 



dy — inf ■ 



e(2/)-G(C(y),a/,.(y)) dy : ^ e r{^+ J+ J- , U) 



Therefore, using (|2.42p and (|2.45p we infer (|2.40p . This completes the proof. 



(2.45) 



□ 



Similarly plugging Lemma l2.1l into Theorem 2.3 in |33) we deduce the following abstract lower bound result 
for problem with a non-local term. 
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Theorem 2.2. Let il, C M be an open set with locally Lipschitz's boundary. Furthermore, let p > 1 and 



F G 



mxN" 



X ... X 



pmxN w "irpm 



pm njfexJVi 



, fee such that F > and there exists a 



constant C > such that \G{b)\ < C{\b\P/^ + l) for every b € M."" and |a„|P/C < F(a„, . . . , a2, ai, 6) < 
C{J2'^^^\aj\P + \b\P + l) for every a-j e R"^""^' andbeW^. Next let ip € BV{VlM"')fMP{Vl,W'') be such that 
f (O, . . . , 0, </?(a;)) = for a.e. a; S f2, diVa; G((/3(x)) = m 17 ond G(i^(x)) • n{x) = on 317. T/ien /or every 
sequence {^ps}e>o C M™) such that ^ (f in LP^^{Q,W^) as e ^ 0+, we have 



\im \ - [ fC 



e"V''^,{x),...,e\7if,{x),ip,ix))dx+- / \VVG,vSdx}> 



£^0 (<^+(a;), v'" (a;), dn'^-^x) , (2.46) 



where Vg,^ ■ 



is defined by 



A^Vg,4,{x) = div^ {xnG(V(a;))} 



DAT 



(2.47) 



^o(<P+,¥'-,i-,x) := infi lim / ^ (£"V%(y), . . . , eVCe(y), Ce(2/)) + | ViJg,f^,,(j/)|') : 

Ce e st\ip+,^-,I^) such that Uy) ^ x(2/,<^+,¥'",i^) m L^'(/,,R™) I , (2.48) 



where -^g,^,^ € M^o'^(/^,R'=) saiis/ies 



A,i?S,c,-(y) = div«G(C(y)) ^n/., 



(2.49) 



5(")(<^+,<^-,7^) :=|ceG"(R^,IR™): C(?/) = • < -1/2, 

C(y) = «/ 2/ • > 1/2 and C(y + i^i) = C{y) Vj = 2, 3, . . . , 7v| , (2.50) 



and 



(p+ if y-u>Q, 
Lp- if y-i/ <0. 



Here lu ■= {y € R^ ■ \y ■ i^j] < 1/2 Vj = 1, 2 . . . A''} where {i/i, 1/2, ■ ■ , i^n} C is an orthonormal base in 
such that v\ := v. 

Proof Let {<^£}e>o C W;";f (f2,M™) be such that p^ ^ p in ^(0,R™) as e 0+. Without loss of generaUty 



we may assume 



D:= lim M / Fie^V'^ipeix), . . . ,e\/ipe{x),ipe{x))dx + - [ \VVG,^A^dx\ < +00 . (2.51) 
e^o+ Jn ^ I e j^N J 

Next set := xnG{(pe{x)) — VVfe,,^^. Then we have divLe = on O and we have 

£>= lim i - / F(e''V''cpe{x),...,sVMx),^s{x))dx+- [ L, - XQix)G{pe{x)) ^dx\ 

e->-0+ £ in ^ / £ Jrn J 

> hm Ji / F(e^y'^ip,{x),...,eVip,{x),ip,ix))dx + - f L, - G{ip,{x)) ^dx\. (2.52) 
£-,.0+ [ £ 7o ^ ^ £ Ja J 
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Thus applying Theorem 2.3 in [3^ we deduce 

lim J i / F(e''W''^e{x), . . . ,eV^e{x),Mx))dx +- f L, - G{^,{x)) \x\ > 

%(^^+{x),^-(x),i^{x))dH''-\x), (2.53) 



D > 



where 



'o(^+,^-,iv,a;) := inf | liis ^ ^ (F(£"V"Ce(y), • • • , eVCe(y), Cs(y)) + j^efe) - G(Ce(x)) 



dy : 



Cs e P^"'''(/.,M'"), es(y) e M^"'^(/,,R"^") such that div^ee(y) = 0, 

Ce(y)^x(2/,¥'+,^~,'^) in £''(/.,K™)andee(y)^x(y,G(^+),G(^"),'^) in L^I^M'^^'')] . (2.54) 



On the other hand by Proposition 3.1 and Lemma 3.3 in [3 3) we obtain 



'o(ip+,ip-,u,x) > inf J hm / i(F(£"V"Cs(y),...,£VCe(y),Ca2/)) + Ce(2/)-G(C.(a;)) 



dy 



Ce e ee(y) 6 W^"'2(^^^]RfexJV) g^^i^ ^1^^^ div^^,(y) = 0, 

Cs(y)^x(y,¥'+,¥'-,'^) in LP(/.,M")andC,(y)^x(y,G(¥.+),G(^"),'^) in L\U 



r,kxN\ 



(2.55) 



Therefore, using Lemma [2. II we obtain 

EQ{ip+,ip^,v,x) > Eo{ip+,ip',v',x) , (2.56) 
where Eo(^(p~^,(p~ ^Ujx) is defined by p.48p . Thus, plugging p.56p into p.53p we deduce 

^= lim J - f F(e"V"^eix),...,eV^e{x),Mx))dx+- [ \VVG,^fdx\ 

\(Lp-^(x),^>-(x)Mx))dn''-\x), (2.57) 



> / 



and the result follows. 



□ 



3 The problem related to the theory of Conservation Laws 
3.1 Some definitions and prefiminaries 

Definition 3.1. For a given Banach space X with the associated norm || • \x and a real interval (a, 6) we denote 
by L'^{a,b;X) the linear space of (equivalence classes of) strongly measurable (i.e equivalent to some strongly 
Borel mapping) functions f : {a,h) ^ X such that the functional 

|L9(a,6:X) 



{sl\\fm\dt) if i<g< 

'Suptg(a,6)||/(0llx if g = CX) 



is finite. It is known that this functional defines a norm with respect to which L''{a,b] X) becomes a Banach 
space. 

Definition 3.2. Let 17 C be an open set. We denote by HHVI.M}') the closure of C;?°(f2, M''') with respect 
to the norm 1 1 |iy9| 1 1 :— [ \\7(p\'^dx) (this space differ from Wq'^IQ, M'^) only in the case of unbounded domain 
n) and denote by H-'^{n,R'') the space dual to H^{n,R''). 
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Remark 3.1. It is obvious that u G V'{n,R'') belongs to H-^{n,R'') if and only if there exists w G H^in.R'') 
such that 

[ Vw:VSdx = - <u,S> \fS eC^in,R''), (3.1) 

Note that (|3.ip is equivalent to that Aw — u as distributions. Moreover, 

infill = sup < u, (5 >= |||ti|||_i . 

seHl^inM"), lll<sill<i 

Finally observe that w is uniquely defined by u. 

Remarki.2. It is obvious that u G 2?' (17 x (0,r),R'=) belongs to (q, T; R'')) if and only if there exists 

w G L2(o,r;iJi(r2,R'=)) such that 

[ V^w{x,t) :VJ{x,t)dxdt = -(uj) V(5 G C^°°(fl X (0,r),R'=) . (3.2) 
Jn 

Note that p.2p is equivalent to that A^w = u as distributions. Moreover, 

ll^llL2(0,T;Hi(n,K'=)) ^ ll'^llL2(0,T;_H-i(n,K'=)) " 

Finally observe that w is uniquely defined by u. 

Lemma 3.1. Let f7 C R^ be an open set (possibly unbounded) with locally Lipschitz's boundary and let T > 0. 
Furthermore, let G{ip, x, t) : R*^ x 51 x (0, T) ^ R'"'^-'^ be a measurable function, continuous by the first argument 
Tp, which satisfies 

\G{il},x,t)\<Co\i!Y''^ + h^{x,t) V?^GR^a;G^2, (3.3) 

for some constant Co > 0, p > 1 and ho G L^(yi x (0,r),R). Furthermore, for every e > consider the 
functional Ee{ip{x,t)) : LP{nx (0,r),R'=) [0,+oo) U {+00} which (possibly) can attain the infinite values. 
Next for every e > consider the functional Ps(tp{x, i)) : LP(n x (0, T), R'^) — ^ [0, +00) U {+00}, defined by 

p^^^^^^y^iE,{^/j{x,t)) + j-j;i^^V,,VG,4x,t)\'dxdt tf Mix,t)eL^{0,T;H-\n,R'^)), 
1+00 otherwise , 

where > satisfies lim£^o+ = o-nd given ^ix,t) G LP{n X (0,T),R'=), VG,4,{x,t) : R^ ^ R'' is defined by 

A,VG,y,{x,t) = dtij(x,t)+div^G{tP{x,t),x,t) mnx{0,T), 
VG,4x,t)eL%0,T;H^in,R'^)), 

Furthermore, for every e > consider the functional Qi;{i^{x,t), L{x,t)) : L^i^fl x (0,T),R'^) x L^(r2 x 
(0, T), R'^><^) ^ [0, +00) U {+00} defined by 

Qe{i^{x,t),L{x,t)) := 

E,{tjj{x,t)) + j- J^^\L{x,t) - G{il:{x,t),x,t)\^dxdt tf dtip{x, t) + div^ L{x,t) ^ , 



otherwise . 

pkxN\ 



(3.6) 



Finally for every e > consider the functional Re{u) : V {p, x (0, T), R ) [0, +00) U {+cxd} defined by 

i?e( diva; u{x, t)) + J- \dtu{x, t) + G'( div^; u{x, t), x, i) "^dxdt 

Re{u) ■= \ if dtu e L^in X {0,T),R''''^) and div^ u G 2.^(^2 x (0, T), R*^) , (3.7) 

-00 otherwise . 
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Next for every ip{x, t) e LP(^fl x (0, r),R'''), such that dtip{x, t) + diva; G{tp{x, t),x,t) —Q on Q., set 
£M:=inf| lis Ps(V's(^,0) : i^e{x,t) ^ ^{x,t) in x (0, T), R'=) | , 

P((p):=infi ^ Pe{ipe{x,t)) : ij,{x,t) ^ ip{x,t) in LP{n x {0,T),R'')\ , 



(3.8) 



(3.9) 



and 



(3.10) 



Q{^):=m\ \jm Q,{^,{x,t),L,{x,t)) : i;,{x,t) ^ ^{x,t) m LP{n x {0,T),R^) 
and L^{x,t) G{ip{x,t),x,t) m L^{n x (0, T), R'=^^) | , 
Q{ip):=M\ QJiP^{x,t),L^{x,t)) : iP^{x,t) ^ ip{x,t) m LP (fl x {0,T),R'') 

and L^{x,t) G{ip{x,t),x,t) in L^{n x (0, T), R'^''^) | , 

lUsp) := inf < lim R^(^u^{x,t)) : diVxUs{x) (fix) in LP{n X (0,T),M'=) 
and dtUeix) ^ (^-G{ip{x,t),x,t)^ in (f} x (0, T), R'^^^) | , 
R{lp) :=inf i Ih^ R,{ue{x,t)) : div^Ue{x) (p{x) in LP {n x (0,T),R'=) 

and dtUe{x) ^ G{ip{x,t),x,t)^ in L^{n x (0, T), R''^^) | . 

Then we have the following equalities 

P{^) = Q(^) = R{^) and P{^) = Q{^) = R{ip) . (3.11) 

Proof. Fix some ^{x,t) G LP{n x (0,r),R''), such that dtilj{x,t) £ L'^{0,T; H-^{n,R'')) . Then by dSS]), we 
clearly have G{ip{x,t), x,t) e L'^{n x (0, T), R'^'^^) and then by Remark we have div^; G'(V'(x, t), x, i) G 
L^{0,T;H-\n,R'')). Thus by Remark there exist uniquely defined H^ix,t) G L^ {0,T; H^{n,R^)) , 
DG,i,{x,t) e L^{Q,T]Hl{n,R^)) and VG,,p{x,t) G £^(0, T; iJgH^^, «'')) such that 

'A,i/,^(a;,i) =9tV(x,t) inrix(0,r), 

A:r£'G,-0(x,t) = div:rG(?/^(x,i),a;,t) inflx(0,r), (3.12) 
. A:,Vg,v-(x, t) = dttpix, t) + diY^ G{'ii;{x, t), X, t) in x (0, T) , 

and clearly 

VG,i^{x,t) = H^,{x,t) + DG4,{x,t) mnx{0,T). (3.13) 
Moreover, by Lemma [2T] for every U{x,t) G L^{n x (0, T), R''''^) , such that div^; U{x,t) = we have 

|[/(a;,t) - V:EiJ^(a;,i) - G(V'(a;,i),x,t)|^da;dt > [ [ \VxV^{x,t)\'^dxdt , (3.14) 



and if we denote 

UG,i.ix,t) ■.= G{iP{x,t),x,t) ~V^DG,^p{x,t) y{x,t) enx {0,T), (3.15) 
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then UcA^^t) e ^^(r? x (0, T), R*^^^) , div^UG,i,ix,t) = and 

\UG,^ix,t) -V^H^{x,t) - G{'ilj{x,t),x,t)\^dxdt = I I \V^V^{x,t)\^dxdt . (3.16) 



10 Jn Jo Jn 

In particular, by (|3?T4l) for every L{x,t) £ L^{n x (0, T), R''^^) , such that div^ L{x,t) + dtipix,t) = we have 

\L{x,t) ~ G{ilj{x,t),x,t)\^dxdt> [ [ \V^V^{x,t)\^dxdt, (3.17) 
Jn Jo Jn 

and if we denote 

LG,^{x,t) ■.= G{ij{x,t),x,t) -V^VG^^{x,t) y{x,t) enx {0,T), (3.18) 
then LG,i,{x,t) G L^{n x (0, T), R*^^^) , div^ Lc.^Ca;, t) + 9tV'(a;, i) = and 

LG,-4,{x,t) -G{i^{x,t),x,t)\^dxdt^ / / \V^V.4,{x,t)\^dxdt . (3.19) 



Finally define 



Jn Jo Jn 



u^{x,t) -.^ K^{x) - LG4,{x,s)ds V(a;, i) e x (0, T) , (3.20) 



where K^{x) : Q, — > R*^^^ satisfies diva;_ft'^(x) = %p{x,Q). Then since div^; LG.^(a;, i) + dtilj{x,t) = we deduce 
that 

dtu^{x,t) —LG,^{x,t) and div^ u^{x,t) = ip{x,t) \f{x,t) £ Q, x {0,T) . (3.21) 
Therefore, by (|331), ([HH) and (07]), using (|3l9l) and (|33T|) we deduce 

^^(^-(2;,*)) ^Qe{^{x,t),LG,i,{x,t)) ^Re{u^). (3.22) 

Moreover, by dM]) and (|3T7)) we have 

P,{i^{x,t)) < Q,{i^{x,t),L{x,t)) yL{x,t) e L'^{n x (0,T),R'=^^) . (3.23) 

Next fix some (p{x,t) £ LP{n x (0,T),R'''), such that 

dtip{x, t) + div^r G(^(a;, t),x,t) in 17 x (0, T) . (3.24) 

Then, using the fact that given ii}{x,t) € LP{n x (0,r),R'=) and L{x,t) S L'^{VL x (0, T), R''^^) , such that 
div^L(a:,t) +dtil){x,t) = we always have dtipix^t) G (O, T; ^-^(f], R*-')) , by ((X^ we obtain 

P{^) < Q(^) and P((p) < Q(^) . (3.25) 

Furthermore, fix some sequence {V^e (a;, i)} C ^^(f^ x (0,r),R'=) such that ipe{x,t) Lp{x,t) in x (0, T), M'^) 

as e — > 0+ and for a subsequence £„ 4 we have lim„^+oo Pe„ {^s„ {x, t)) < +oo. Then since Se„ — ^ 0+, by p.4p 
we deduce 

lim Vci,, ix,t) = in (17 x (0, T), R'^^^) . (3.26) 
On the other hand, since ipeix,t) <^(x,t) in LP[n x (0,T),R'=), by we have 

lim G{iJe{x,t),x,t) = G((^(x,i),a;,t) in L^{n x (0,r),R''^^) . (3.27) 
Thus by dSH]), ([X^ and ((XTfl) we deduce that 

lim LGi,, {x,t) ^G(ip{x,t),x,t) in L2(rj x (0,r),R'=^^) , (3.28) 

n— > + oo ' n 

and therefore, by (I3.2ip we have 

lim dtu^^ {x,t) ^ -Giif{x,t),x,t) in L2(r2 x (0, T), M*^^") and 



lim div^Mw,, {x,t) ^ ip{x,t) in L^'(r2 x (0, T), R'') . (3.29) 

n— >+oo " 
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Moreover, by p.22p we have 



lim (V'£„(a;,t)) = lim (V'e„ (a;, t), ^g.^., {x,t)) = 1™ Re,Au^^ )■ (3.30) 



Thus since the sequence {tpe} was arbitrary, we get 

P{f) > Qiv) and Piifi) > Q{ip) . 

and 

P{if) > R{ip) and P{ip) > R{ip) . 
Thus plugging p.3ip into p.25p we obtain 

P(^) = QM and P(^) = QM. 

Finally fix arbitrary sequence {u^}e>a C V {n x (0, T), M''''^^) such that 

div^Ue(x) ^ (p{x) in 2.^(17 x (0,r),R''^) and dtu^ix) ^ ( - i), a;, i) j in L'^{n x (0,T), 

Then if we set 

Lf,[x,t) := —dtu^{x,t) and -(/'el^;, •— div^: ^^(a;, i) V(.t, t) e £7 x (0, T) , 
we obtain divL^ + dtips = and 

V'e(a;,i) (^(x) in LP{n x (0,r),M'') and L^ix,t) -> G((^(x, i), x, in x (0,r),R''''^ 

Moreover, by (I3.34p we have 

Qe{lpe{x,t),Le{x,t)) = . 

Therefore, since the sequence {ue}e>o was arbitrary, we deduce 

Q{V>) < Rif) and Q{ip) < R{ip) . 
Thus by plugging (jX^ . (153^ and we finally deduce (IXTTj) . 



(3.31) 
(3.32) 

(3.33) 



(3.34) 



Definition 3.3. Let F{u) = {Fij{u)} 6 C 



). Set F,{u) := (i^i,(u), . . . , ^^^^(t/)) 



{1,2,. ..,iV}. Consider the system of Conservation Laws 

dtU + div.^F{u)=0 V(a;,t) e X (0,+oo) , 



(3.35) 
□ 

I'' V? e 
(3.36) 



We say that the function ri(u) G C^(M''', M) is an entropy for the system p.36p and *(u) := (*i(u), . . . ,'^n{u)) G 
C""^ (K.*^, K.^) is an entropy flux associated with 77 if we have 



V„^'j(ii) ^ VuV{u) ■ VuFjiu) Vii e j e {1, 2, . . . , TV} 



(3.37) 



Let F{u) = {-F;j(w)} e (»''■, K'=^^) and r]{u) G C2(M''',M) be an entropy for the system which 
satisfies r]{u) > and r]{0) = 0, and 5'(u) := ('i'i(-u), . . . , \l/Ar(M)) G C-^(R'^,R^) be a corresponding entropy 
flux associated with 77. Considered the following family of energy functionals {le^piu)}, defined for u{x,t) : 



pN 



[0,T] ^R*^ by 



Is.f{u) := 



2 1 

V^{V„ry(u(a;,t))} + - V^Hp,^{x,t) 



dxdt 



la JR" 

where HF,u{x,t) G (0, T; /^^(R^, M*^)) satisfies 

AxHp^uixjt) = dtu{x,t) + diVxF(u{x,t)^ 



ri{u{x,T))dx, (3.38) 



(3.39) 
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and we assume that 



u{x,t) eL^{0,T;H^{R^,R''))nC{0,T;L^{R^,R''))nL°° and dtuix.t) e {0,T; R-^R^ .W'')) , (3.40) 
Since 

/ yx{yur]{u{x,t))}:yxHF,uix,t)dxdt= / / Vur]{uix,t)) ■ AxHF.u{x,t) dxdt 
Jk« Jo Jr" 

/ Vur7(u(a;, i)) • (9tu(a::,i) + dzfa;i^(u(a;, t)) j dxdt 
I dt{v{u{x,t))}dtjdx + J j ^Y^Vuri{u{x,t)) ■VuFj{u{x,t)) ■ ^{x,t)dxdt 

{ri{u{x,T)^~ri{u{x^Q))\dx+ I I div^. 4'(it(a;, i)) = / ( 77(it(a;, T)) — 0)) ) da; , 

/R« ^ ^ Jo JR" ^E" ^ ^ 

we can rewrite the expression of I^ p{u) as 

Ie,F{u)= [ f - eV^lVuviuix^t))} -\/.^HF,ui^,t) dxdt+ f r]{u{x,0)) dx , (3.41) 

Jo JK" £ JR« 

Thus if there exists a solution to 



eA^{VuvHx, t)) } = dtuix, t) + dz^;a;i^(M(a;, t)) V(x, t) e x (0, T), 
u(a;,0) = wo(a;) Vx G . 



(3.42) 



for some vo{x) G L^(R^,R'') n then, by p.4ip . u(x,t) is also a minimizer to 

inf {/e,F(w) : u{x, 0) = i>o(a;)} ■ (3.43) 

Moreover, in this case, 

inf {I^^f{u) ■■ u{x,Q) = vq{x)] = / ri{vo[x)) dx , (3.44) 



and the function u{x, t) : R^ x [0, T] R^ is a minimizer to (13.43^ if and only if u{x, t) is a solution to p.42|) . 
Thus it is a natural question in the Method of Vanishing Viscosity for Conservation Laws to know the F-limit 
of the functional 

i\ J-^e,-F(") if u(x,0) = wo(a:), ,„ 
Je,F,voiu) = < (3.45) 
I +00 otherwise . 

Definition 3.4. Let F £ C^{R'',R'''"^) satisfying F{0) = 0. Denote by £^ the class of all u{x,t) G BV{R'^ x 
{0,T),R'') n L°°{0,T;L'^{R^ ,R'')) D L°° such that u{x,t) is continuous in [0,T] as a function of t with the 
values in L°°(R^,R'') with respect to L°°-weak* topology and satisfy the following Conservation Law on the 
strip: 

dtv{x, t) + div^F{v{x, t)) = V(a;, i) G x (0, T) . (3.46) 

Remark 3.3. If u{x^t) G £^ then we can continue u{x,t) to be defined on R^ X M, so that u{x,t) G BV{R x 
R,M'^') r\ L°°{R;L'^{R^ ,R'')) nL°°, u{x,-t) = u{x,t) V(a;,i) G x R and for every 1 < q < +oo u{x,t) is 
continuous in R as a function of t with the values in L'^(R^,R'^) with respect to L''-strong topology. 

Lemma 3.2. Let F{u) G C1(R'',R''''^) satisfying F{0) = and ■q{u) G C3(R'',R) he an entropy for the 
corresponding system p.36p . which satisfies rj{u) > and 77(0) — 0. Furthermore, let u G (see Definition \3.4\ 
and Remark \3.3\) and n{h) G C^(R^+"'^) he a radial function, such that /jjjv+i n{h)dh = 1. Then for every 5 > 
there exists a sequence of functions {ve{x,t)^ G C°°{R^ x R,R'^^^) such that u^{x,t) :— div^; ^^(a;, t) G 
W'^^^{R^ X (0,T),R'=) nL°° and L^{x,t) := -dtv^{x,t) G W^'^{R'^ x (0,T),M'=^^) n {u,}, {LJ a^rf 
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{eVxUe} are bounded in L°° sequences; u, o-i^d sVxUe — as e — >■ 0+ in L'^(R^ x (0,T)); 

dtUs + divx = and 



-^0+ Jo Jrn \ £ 



dxdt < 



|2 1 



lim / / \e\Vx{^uri{ue{x,t))]\ + - L,{x,t) - F{ue{x,t)) 

^^0+ Jq Jrjv \ I I £ 



dxdt 



lim / / i £ Vx\'^uV{(>j-^xVs{x,t))\ 
£-*-o+ Jo jRi^ \ ^ ^ 



1 

+ - 



dtVe{x, t) +F( divx Vs{x, t)) 



dxdt 



<j Eo{u+{x,t),u-{x,t),i^{x,t))dW\x,t)+d, (3.47) 



where HF,uAx,t) e L'^{0,T;H^{R^ ,R'')) satisfies 

^xHF,Ue (x, t) = dtUeix, t) + divx F(us{x, t)) , 

Eo{u+,u-,i^) -inf M_ (^L\Vy{VuV{ay,s))}f + ^\^{y,s) - F{C{y,s)) 



(3.48) 



dyds : 



L € (0, +00), C G Z^^^ {u+,u-,u),je ^(3) (^F{u+), F{u-), u) , dsCiv, s) + divy 7(2/, s) = 



Ei{u+,u-,i') :=inf <j j ( L 



Vy|v„?7(divj/^(y,s))| 



2 1 



dyds : 



d,i{y,s) + F{diyyi{y,s)) 
L e (0, +00), ^ G It", i^) I , (3.49) 



with 



|c(2/,s) e P'(IR^ X ffi,R'=^^) : dWy^{y,s) G C^(M^ x M,M'=), a,^(y,s) G C^(IR^ x K,M'=^^), 
{diVyi,-d,^){y,s) = {u-,Fiu-)) if yu< -1/2, (dWy ^ -ds^)iy, s) ^ {u+ , F{u+)) if yv> 1/2 

( div^ i, -dsC) {{y, s) + Uj) = ( div^ e, -a.O (y. s) Vj = 2, 3, . . . , AT i , (3.50) 



2(2)(u+,„-,i,):=|<^(y,s)eC;i(M^xR,M'=): C(2/, s) = «" i/yi^<-l/2, 

C(j/, s) = «+ i/ y • 1/ > 1/2 and C((y, s) + t^j) = C(y, s) Vj = 2, 3, . . . , iV I , (3.51) 



nkxN 



): 7(y,s) = s «/ yi^<-i/2, 



7(2/, s) = A z/ y • 1/ > 1/2 and -f{{y, s) + u^) = 7(2/, s) Vj = 2, 3, . . . , ^| . (3.52) 

Here lu := {y G R^+^ : \y ■ < 1/2 Vj = 1,2... A''} w/iere {i/i, 1^2, • • • , i^jv, I'jv+i} C R^+^ is an 
orthonormal base in smc/i i/iai i/i := t*. Moreover, there exist a > and R > (depending on 6), 
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such that for every < £ < 1 and for every {x,t) e (M^ X M) \ {{x e : \x\ < R} x {a,T ~ a)) we have 
u^{x,t) — ui^\x,t) and L^{x,t) — Lf\x,t) where 



y — X s — t . X , , 

K\ , I u(y,s)dyds , 



1 



(see Remark ] 3. 3]) . Finally for TL^ -a. e. {x,t) G J„ we /laue 

£'o(^u+(a;,t),u"(a;,t),J^(a;,i)^ = \va;ix,t)\Eo(^u+{x,t),u^ {x,t),u{x,t)j , 



Kl ^ — f — ^ ) F[u{y, s)) dyds , 



(3.53) 



with 



Eo{u+,u-,u) :=inf <^ / L 



{Vuvidy, s)) } f + ^ |7(y, s) - h (C(y, «)) 



dyds : 



L e (0, +oo), C e 2^'^ K, i^')' 7 e z^^) i.'), 9,C(y, s) + div^ 7(y, s) = o\ 



Ei{u+,u~',u) := inf <j ^ ( L 



where we denote 



Vy|v„77(divj^^(y,; 





2 1 


)} 





ds^iy, s) + F^{divy ^{y, s)) 



dyds 



L e (0, +oo), e e Z''^ M", «^') \ , (3.54) 



F^(u) :=F(u) + (z/,/|iyj,|2){u®iy,y} V^ieM^ (3.55) 

ly = (i^y,z^^) = (i/^,i/t) e X M and I/' := {uy/\vy\,0). Here U> {y G K^+i : |j/ • v'j\ < 1/2 Vj = 
1,2...A^} where {v[,v'2, . . . C M^^"'^ is an orthonormal base in MJ^^^ such that i>'i :— u' and 

iv^+i := (0,0,..., 1). 

Proof. Using Theorem 4.1 in [32 we deduce that for every (5 > there exists a sequences of functions 
{Me(a;,i)}e>o C C°°(R^ X R,M''-) n M^i-2(M^ x (0,r),M'=) n L°° and {L,(a;, i)}e>o C C°°(M^ x M,R'=x^) n 
W^i'2(]R^ X (0,T),M'=^^) n such that {uj, {LJ and {eV^wJ are bounded in L°°- ^ u, ^ F{u) 
and eV^Ue as e -> 0+ in ^'(M^ x (0,r)); dtu, + div^ = and 



hm / / I e 

e-!-0+ ./o JR" 



dxdt 



2 1 

Vxj V„ry(ue(x, i)) } + - Le(a;, i) - F{ue{x, t)) 

V^77(ue(x, t)) • (eV,u,(x, 0) I' + |ie(2;, i) - F{ue{x, t)) 

'o(u+{x,t),u-{x,t),u{x,t)j dn'^{x,t)+5, (3.56) 



= hm 



dxdt 



where 

£;o(m+,m",i/) 



'"MA 



{v.,,(C(j/,s))}|" + j|7(!/,») - F(Cto,«)) 



dyds : 



L e (0,+^), C e Z<^^\u+,u-,u), 7 e Z(3)(i^(^,+ ),F(u-),«^), 5,C(y,s) +div,7(y,s) = 0| , (3.57) 

and there exist cr > and i? > 0, such that for every < e < 1 and every (a;, t) e (R^ x M) \ ({a; e R^ : \x\ < 
R} X {a,T -a)) we have Ue{x,t) — u'f \x,t) and Le{x,t) — Lf \x,t). Moreover, by Lemma [2.1) or by p.l7p . 
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we obtain 












lim / / 












lim 




e^0+ , 



2 1 
+ - 



dxdt 



^ Eo{u^{x,t),u''{x,t),v{x,t)^dH^{x,t)+5, (3.58) 



Next, as before, define 



v^{x^t) := K^{x) ~ I L^{x,s)ds 



y{x, t) e M^'' X 



where K,{x) G C°°( 



oo/TrpW TtpfcxA' 



) satisfies diYxK^{x) = We(a;, 0). Then clearly Vs{x,t) € C" 



■oo fiaN 



Moreover, since divx L^{x. t) + dtu^{x, i) = we deduce that 

dtVi.{x,t) :— —L^{x,t) and (i\VxV^{x^t) = u^{x,t) V(a;,t) € x 
Next we will prove that 



Ei{u+,u-,i^) := inf <; j ( L 



(3.59) 
(3.60) 



I V„77( divy e(2/, s)) } I + ;^|a.e(y, s) + divy ^{y, s)) 



L e (0,+oo), C e 



dyds 



Eo{u+,u-,i^) := inf I ^ (^l|v^{v„77(C(j/, s)) }|' + ^\jiy,s) - f^(C(y,s))Q dyds : 

L e (0,+^), C e Z^^\u+,u-,u), 7 e Z(3)(^^(^+),F(u-),«^), a,C(y,s) +div,7(y,s) EE o| . (3.61) 
Indeed, since for every ^ e Z'^' m^, i/) we clearly have div^ ^ e Z^^^ and 

-a,Cez(3)(^^(^+),^^(^-),i.) 

and since 9s(divj^ ^) + divj^(— 9s^), we clearly have 

Ei{u+,u-,v) > Eq{u+,u-,v) . (3.62) 

On the other hand fix C G Z'^' m^, iv) and 7 G Z''^) (i^(u+), F(m^), iv) such that dsCiy, s) + divj^ 7iy,s) = 0. 
Then define 

ay,s):=Qiy)- f i{y,T)dT V(y,s)GM^xM, (3.63) 



where (5(y) £ C^(M^,M'^) is an arbitrary function which satisfies divj,Q(?/) = C(y,0). Then clearly ^ G 
C^(IR^ X RjM'^^^) and moreover, since dsC{y, s) + divy j{y, s) = 0, we deduce easily that 



ds^iy, s) := -7(y, s) and div^ ^(y, s) = C(y, s) V(y, s) G x 



(3.64) 



Thus clearly Ei(u^,u ,1/) < Eo(u'^,u , iv) and plugging it into p. 621) we deduce p.6ip . By the same way we 
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obtain 

Ei(u^ ,1/) := inf ■ 



L 



Eoiu+,u-,u) :=inf <; j ( L 



j,|Vn?7(divy^(?/,s))| + - ds£,{y, s) + F^{divy ^{y, s)) 

L e (0, +00), e e 2(1) {u+, u-,u') I = 

{v„77(C(2/,s))}|' + ^|7(y,s) -F.(C(y,s)) 



dyds 



dyds 



L e (0,+oo), C e 7 e Z(3)(i^, 5,C(y, s) + div, 7(y, s) = o| , (3.65) 

Moreover, by Proposition 2.1 in 32 , for every system of linearly independent vectors {171,^72; ■ • ■ ^Vn+i}-: such 
that r]^ — v>' and rjj ■ v' = for every j G {2,3,... (N + 1)}, we have 



Eq(u^ , u ~ inf 

JV+l 

E 



[ ^ In-\-i 




v.] 









= inf ■ 



^ V,|v„77(^div,e(E^J^r^))} 



JV+l 



JV+l 



dzds : i G (0, +00), ^ G Z(-^)(u+,u , 77^, . . . , J7^_|_i 



where 

In+1 ■= I 

and 

Z(i)(u+,u",r7i,...,?7^+i) := 



s G 



-l/2<Sj<l/2 Vj = 1,2, ...,7V + l| 



(3.66) 



(3.67) 



) : divy ^{y, s) G C (R^ x R, R'=), (y, s) G (R^ x 



{dWy^,~ds^){y,s)^{u-,F{u-)) if yj7i<-l/2, {divy ~ds^){y, s) = {u+ , F{u+)) if zj • r/i > 1/2 

and ( div^ -5,^) ((y, s) + r?^) - ( div^ e, -5,^) (y, s) Vj = 2, 3, . . . , TV I , (3.68) 



Z(2)(u+,u-,r7i,...,r7^+i) |C(y, s) e ^^(R^ x R,M''0 : C(2/, s) = if y • rji < -1/2, 

C(y, s) = ii+ if y • J7i > 1/2 and C((y, s) + r,^) - C(y, s) Vj = 2, 3, . . . , TV I , (3.69) 



Z(3)(^,i3,r,i,...,T7^+i) |7(y,s)GCi(R~xR,R^-x^): jiy,s)^B if yr7i<-l/2, 

7(y, s) = A if y • > 1/2 and 7((y, s) + r?^) = 7(y, s) Vj = 2, 3, . . . , TV I . (3.70) 
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On the other hand, by the same way as before, 



L 



N+l 



N+l , JV+l s 2\ 





J. 















7V+1 



dzds : L e (0, +00), ^ G , 77^, . . . , rjjv^;^) 



(i^ds : 



L £ (0,+oo), C e Z^^\u+,u-,Vi,---,Vn+i), 1 G ^('n^-("^)'^-("")'^i'---''7w+i)' 

9,C(y,s)+divj,7(y,s) = o|, (3.71) 

In order to complete the proof, we need to deduce that for H'^-a.e. {x, t) e J„ we have 

£^0 {u'^{x, t), u^{x, t),v'{x, t)j = \vxix, t)\Eo (w^ix, t), {x, t), v>{x, t)^ . 
Indeed, observe that by (|3.48p . for H'^-a.e. {x,t) G Ju we have 

{u+{x,t)-u-{x,t))i^t{x,t) + (^F{u+{x,t)) -F{u-{x,t))yv4x,t)^0 H^-a.c. in J„ . (3.72) 
In particular since for "H^-a.e. {x,t) e Ju we have u^{x,t) ^ u~{x,t) and since v{x,t) 7^ we deduce 

v,x{x,t)^{) for 7^^-a.e. {x, t) in J„ . (3.73) 
On the other hand if Ux — Uy ^ 0, consider the transformation of independent variables (y, s) O (y, s), where 



V Wv\y+ {su,/\vy\)vy, 
s := \Vy\s, 



y = y/Wy\ - (si^s/li^yni^!;: 



(3.74) 



s = s \v„ 



Then for every C e Z(2)(u+,u-,iy) and 7 G Z^^) (f(u+), F(u-), i/) such that dsC,{y,s)+<liYy-i{y,s) = define 
the transformations C ^ C by 

C(y, s) ^{y/Wv\ - {su,/\uy\^)uy, -s/\uy\) = ciy, s) , (3.75) 

and 7 7 by 

l{y, S) := 7(^/11^^1 - {Sl^s/\l'y\^)l^y, + |c(y/|l^yl " {sl^ s / Wy\^) l^y , s/\l^ 

= 7(y, s) + ® iv^} . (3.76) 

Finally, consider the system of linearly independent vectors {771, • • . , Vn+i}' defined by the identities 



:= U' = {Uy/\Uy\,0) 



^3 = •= [WvW],V+{^],s^s/Wy\)l^y, WyW],s) Vj = 2, 3, . . . (A^ + 1) , 



(3.77) 



where we denote {yj,y^ i^j.s) '■= i^j- Then clearly, rf^ — v' and Tij V' = for every j S {2, 3, . . . (iV+1)}. Further- 
more, we have C G Z^^^ u^, iv) and 7 G Z^^^ (F(m+), F{u^), v) if and only if C G -2^^^ 77^, . . . , J7jv+i) 
and 7 G Z(3)(F^(u+),Fi.(u"),?7i, . . .,77^^^). Moreover, dsC{y,s) + divy'y{y, s) = if and only if dgCiv, s) + 
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divy 7(y, s) = 0. Finally, for every L e (0, +00) we have 



L\Uy 



W+l / N+l V 2\ 



dzds. (3.78) 



Therefore, by all this facts and p.66p . p.7ip . we clearly obtain Eq{u^ ,u ,1^) = \vy\Eo(u^ ,u ,1/). This 
completes the proof. □ 

Theorem 3.1. Let F{u) G C^(R'', M''^^) and r]{u) G C''^(M'',M) be an entropy for the corresponding system 
p.36p . which satisfies rj{u) > and r/(0) = 0. Furthermore, let u G £^ (see Definition \3.4\ and Remark \ 3. 3\) . 
Then for every S > there exists a sequence of functions \^v^{x,t)^ C Lf^^(R^ x (0,T),M'^^^) such that 
u^{x,t) := dhi^v^{x,t) G L^{Q,T;Hl{^^ .mf")) C] C{[0,T];L^{R^ ,m}')) n and L^{x,t) := -dtVe{x,t) G 
L2(mJV X (0,r),R'=><^); u,-^u in n,>ii«(K^ x (0,r);R'=); L, -> m i^^RAf x (0, T), ]R'=^><^) ; {uJe>o 

zs bounded in L°° sequence; Ue{x, 0) = u{x, 0); c^tUe + div^; = anc? 



lim 

£^0+ 



2 1 



V:c{V„7y('U£(x,t))} + - V2;7?i^,Se(a;,i) \ dxdt + ri[ue{x,T)) dx > < 



lim ■ 

e^0+ I Jq Jb^n 



2 1 



V^{V„??(?2e(a;,t))} + - L,{x,t) ~ F{il,{x,t)) \ dxdt + j]{u,{x,T)) dx 



lim ■ 



)} 


' 1 

+ - 







dtv^{x,t) +i^(diva; Ve{x,t)) 



dxdt 



+ 1 T]{div^Ve{x,T))dx\ < J Eo(u'^ix,t),u-{x,t),u{x,t)^ dH^{x,t) + J ri{u{x,T)) dx + 2S , (3.79) 



where Hp.uAx^t) G L'^{Q,T\HI{W^ satisfies 

Aa;i7F,«^(a;,t) = dtUe{x,t) + div^; F[ue{x,t)) 



(3.80) 



-Eq (it^, li , I') := inf ■ 



{ V„77(C(2;, s)) } I' + |7(y, s) - F{C{y, s)) 



dyds 



LeiO,+^),C^Z'^^\u+,u-,u), -feZ^^\F{u+),F{u-),i^), a,C(2/,s)+div^7(y,s) = = 



,i/):=inf|^ Vy|Vt,?7(diVj^^(y, 





2 1 


)} 





dsay,s) + F{divyay,s)) 



dyds 



L G (0, +00), C G iv) I , (3.81) 

Z(i)(u+,u-,iv) := 

|c(y,s) G P'(M^ X M,M'^-^^) : divj,^(y,s) G C^R^^ x R,R'=), d,^{y,s) G C1(M" x R,M''-^^), 
{divy^,-dsC){y,s) = {u-,F{u-)) tfyu<-l/2, {dwy -ds^)iy, s) = {u+ , F{u+)) if yu>l/2 

and ( divy ^, -a,^) ((y, s) + i^,) = ( div^ i, -O^) (y, s) Vj = 2, 3, . . . , TV I , (3.82) 
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:= eCi(R^ xM,R'=) : C(y, = ^z" if y -UK -1/2, 

ay, s)=u+ ij yu> 1/2 and C{{y, s) + u,) = ({y, s) Vj = 2, 3, . . . , TV I , (3.83) 



iN jn TUikxN 



): ^{y,s)^B if yu< -1/2, 



7(y, s)=A if vv> 1/2 and ^{{y, s) + u,) = j{y, s) Vj = 2, 3, . . . , TV L (3.84) 



Here L := {y e M^+i : \y ■ u,\ < 1/2 = 1,2...A^} where {z^i, «^2, ■ • • , i^w, i^w+i} C 

orthonormal base in MJ^^^ such that v>i := v. Finally for H^-a.e. {x,t) g Ju we have 



E, 



'o(^u^{x,t),u {x,t),v>{x,t)j — \v>x:{x,t)\EQ(^u'^{x,t),u {x,t),i'{x,t)^ , (3.85) 



with 

Eo(u^ , , 1^) '■— inf ■ 



y{^uviC{y, 5)) } f + j^\iiy^ - (C(y, s)) 



dyds : 



L e (0, +oo), C e 2^'^ {u+, u-,u'), 7 e z^^) {f^{u+), f^{u-), u'), dsCiy, s) + div^, 7(2/, s) = 



Ei{u+,u-,u) inf <^ y ( L 





2 1 


)} 





9,e(y,s) + F,(divj,e(y,s)) 



L e (0, +00), C e 2(1) j^') I , (3.86) 



where we denote 

F^{u) := F{u) + {iys/\i^y\^){u(E)i^y} Vu G M^ (3.87) 

ly = (z^y,i/.) = {u.„i^t) e X M and iv' := {uy/\i^y\,0) . Here := {y E : \y ■ < 1/2 Vj = 

1,2...A^} where {v>[,v>'2, . . . ^v'j^tV'j^i^i} C M^^"'^ is an orthonormal base in R^+-'^ such that v\ v' and 
u'^^, (0,0,..., 1). 

Proof. Let 6 > and Ki(r) G C^(R^+i) be a radial function, such that /jgw+i Ki{r)dr — 1 and ki > 0. For every 
/i > set K/i(r) := Ki{r/h)/h^^^. Then ^^(r) £ C^(R^+i) is a radial function, such that /jjiv+i Kh{r)dr = 1 

) 



^xR,R''-><^ 



and Kfi > 0. Therefore, by Lemma there exists a sequence of functions {^/^ ^(x, Oj^^g ^ 
such that Uh^e{x,t) := div^Vh^e{x,t) G W^^'^^R^ x (0,T),R'=) ni°° and Lh^e{x,t) -dtVh,e{x,t) G ^^^'^(R^ x 
(0, T), R*"'^^) ni°°; {Lh,e} and {eV^u/i g} are bounded in L°° sequences; Uh,e — ^ u, L^^^ — > i^(w) and 

eV^Uh,e ^ as £ ^ 0+ in L?(R^ x (0,T)); df Uh^e + div^ L^^^ = and 



hm / / I £ 

e^0+ Jo JR" 



2 I 

Va;{V„77(u/i^e(a;,t))} +- \/ xHF,Uh,A^it) 



dxdt < 



lim / / I £ 

e^0+ Jo "/r" 



V3;{V„?7(uh^e(x,t))} 



2 1 



dxdt 



lim / / I £ 

Jo Jr« 



)} 


' 1 

+ - 




£ 











Lh^e{x,t) - F[uh,e{x,t)) 

dtVh,e{x, t) + F{ divx Vh,s{x, t)) 



dxdt 



'o(u+{x,t),u'{x,t),v'{x,t)^ dH^{x,t)+6, (3.88) 
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where HF,u^_,ix,t) e {0,T; H^{R'^ ,R'')) satisfies 

^xHF,uh,, (2;, t) = dtUh^eix, t) + diVa; F{uh^e{x, t)) , 



(3.89) 



Moreover, there exist cr > such that for every < e < 1 and every {x,t) G (M^ x M) \ ({R^} x (cr,r - a)) 
we have Uh.s{x,t) = u|j°^(a::,t) and L^{x,t) = L^^^^{x,t) where 



y — X s — t 



u{y, s) dyds , 



-Af+l 



y — X s — t 



F{u{y,s)) dyd. 



s . 



We need just shghtly modify Uh,e in such a way that it wih satisfy the condition Uh,e{x,0) = u{x,0). Let 
Xe{x,t) e L°°(0,T;L2(M^,E'=)) nL2(o,T;i/oi(M^,M'=)) n be the solution of the Heat Equation 



Xeix,0) = u(x,0) . 



(3.90) 



It is clear that we may assume that Xe is L^-strongly continuous in [0, T] as a function oft and Xeix, 0) — u{x, 0). 
Moreover for every < i < T we have 



"'R™ 



e|Vx£(a;.s)| dxds = / u^{x,0)dx — / xi(x,'t)dx 



(3.91) 



Finally, by the well known maximum principle for the Heat Equation we clearly have ||Xe(-, i)||L°° < \\'^{'^ 0)||loo. 
Next let B{t) e C°°(R, [0, 1]) be a cut-ofT function satisfying e{t) = for every t > 1 and e{t) = 1 for every 
t < 1/2. For every smaU e > define Uh,,ix,t) e L°° {0,T; L'^{R^ ,R'')) n L"^ {0,T; H^{m'^ ,R'')) D L°° by 



Uh,e{.x,t) Uh,e{x,t) + 9{t{he) ^)(xsix,t) - Uh,eix,0)) 



= UhAx, t) + e[t{he)-^){xe{x, t) - u'^l^ix, 0)) . (3.92) 

Then Uh,e is L^-strongly continuous in [0,T] as a function of t and 'U/i^e(x, 0) = u(x, 0). Moreover, Uh,e{x,t) = 
Uh,e{x,t) whenever i > /i£. Finally 



\Uh,e - ""^i.ellio 



<Co, 



(3.93) 



where Cq > is a constant which does not depend on h and e 
Now we want to prove that 



lim 

£-i-0 + 



2 1 

x{uh,e - Uh,e)\ + - VxDh,e{x,t) 



dxdt < Ch , 



where Dh,e{x,t) e L'^ {0,T; H^{R^ ,R'')) satisfies 

Aj:Dh,e{x, t) = {Uh,e - Uh,e) + diVa; {F{uh,e) " F{uh,e)) } , 

and C > is a constant which does not depend on h and e. 
First of all by (j?^ and ((H^ we observe that 



(3.94) 



(3.95) 



lim 



he 



lim 



e| V2;(itft^e — u;i_e)|'' dxdi < lim 2e^h j \\7xull^\{x,0)\^ dx+ 

he 



e->0+ Jo JE« 



2e| V2;X£(a;, t) I dxdt = lim 2/i 



0+ JRN 



zi^h{z, s) ® u{x + £z, es)dzds 



lim 

e^0+ 



xi{x,0)dx- Xeix,he)dx] ^0. (3.96) 
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On the other hand by p.93p we deduce 



he 



lim 



dxdt < 



he 



1, 



he 



Ci Km / / -\uh,e — Uh.e'\^ dxdt < 

2 /i , |2 , I (0) / „x |2 



Ci Hm / / -( |xe(2;,i)r + |Mn(a;,0)n dxdi < 4C2/1 sup / u^{x,t)dx ^ 0{h) . (3.97) 

e^0+ Jo Jr" ^ ^ ' ' tSR Jr« 

where Ph,e{x,t) e (O, T; i7o^(M^, M'^)) satisfies 

A,P,,,e(a;, = div, {F{uh,,) - F{uh,,)) . (3.98) 

Next, using p.90p we infer 

dt{uh,e - uh,e) = dt[e{t{he)-^) (x.(x, t) - 4°^(x, 0)) } = 

0{t{he)-^)dtXe{x, t) + {he)-^6'{t{he)-^) {xe{x, t) ~ u^^^{x, 0)) 

= e{t(he)-')eA.,Xe{x,t) + (te)-i0'(t(te)-i)(xe(a;,t) - 4°^(a;,0)) 

Then consider Qh,e{x,t) e L'^ {0,T; H^{R'^ ,R'')) such that 

A,j;Qh,eix,t) = dt{uh,e - Uh,e) , 

By ([3J9ll we obtain 

A.,QhAx, t) = B{t{he)-^)eA^Xe{x. t) + (te)-i0'(i(te)-i) t) - ^"^(a;, 0)) 

= e{t{he)-^)eA.,Xe{x,t) + {he)-H' {t{her^) ({xe{x,t) - Xe{x,Q)) - {u^^l{x,0) - u{x,0))) . (3.101) 

Next, for every < p < e we have 



(3.99) 



(3.100) 



<^(^,0)-<;;(a:,0) 



(0), 



duZ{x,Q) d_( 1 



dT 



1 



rN+2 



p 

y ^ X 



y — X s 



i^h \ - — -, - ] u{y, s) dyds I dr 



-02Hh , - 

r V T T 



1 



= div.T 



div-v 



+ {N + 1)ku ( - ) \u{y, s) dyds I dr 



y-x y - X s \ [ Is y~xs 

^^^h\—^,- \ >u{y,s) -dsi-nA—^,- 



u{y, s) dyds dr 



1 



T-N+l 

1 



, , . y — X I y — X s . . . 
u(y, s) ® <j — —Kh I — —, - ) } dyds | dr 



ds \ -Kh \ - — -, - ] \u{y,s)dyds I dr 



, , . y — X I y ~ X s . . . 
u{y, s) ® <j — - — Kh I — — , - ) } dyds | dr 



J^J^{^''f\^''-)'t<y^-')dyds]dT, (3.102) 
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where we deduce the last equahty by the fact that u{x,t) = u{x,—t) (see Remark I3.3p . Thus, by p.l02l) . for 
every (p{x) e Cf^(M^,M'=) we have 



u{y, s) (g) < Kh , - ) f- dyds I : \7x^{x) drdx 



R JB" 



-^Lli-^l ljs[^n,i^^,^yix)yu{y,s)dydsyrdx, (3.103) 
On the other hand by p.46p and p.l03l) . for sufficiently small e > we deduce, 
{u^^lix,0)-uZix,0))-^{x)dx^ 



u{y, s) (g) <! Kh , - I } dyds I : Vxfix) drdx 



^ ^ u{y,s)<S>l- -i^hi- -,-]\ dyds] -.Vx^ix) drdx 



/R Jr" 

1 / / vt)'^ y ~ X S 



T 



N+l 



Jk™ 



1 f f \ y ~ ( y — X s 

u{y, s) (g) < Kh , - ) } dyds I : \7xf{x) drdx 



tN+1 I I ^, ■ It \ t t 

> .Ib .iBIf ~ \ T T 



Khi^z, s')u{x + Tz, Ts) (g) z dzds : V xVi^) drdx 



R« J p 



2/ / (y j sKh{z,s)F{u{x + Tz,Ts))dzdsj ■.\/xf{x)dTdx, (3.104) 



Thus letting p 0+ in p.l04p we obtain 

(ui^lix,0)-uix,0)).,ix)dx^-[ fill Kh{z,sHx + rz.^rs)g.zdzd^■.Vx^ix)drdx 



+ 2 / \ / SK/i(z, s)F(u(x + TZ, Ts)) dzds : \7x'f{x) drdx = 

JR" Jo \ Jo JR" / 

K;i(z, s)u(a; + erz, ers) (g) z dzds : Vxfix) drdx 



R" Jo 



2e y J \ J ' ^^h{z,s)F(^u{x + erz, ers)) dzds ] : \/xf{x) drdx , (3.105) 



Thus 



5j ^(x, 0) — u(x, 0) = £ diva; < / / / Khi^z, s')u{x + £Tz^£Ts) ® z dzdsdT 



— 2 / / sK/j(z, s)F(u(a; + £Tz, £Ts)) dzdsdr > , (3.106) 

Jo Jo JR" J 
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On the other hand by p.90p we deduce 

Xe {x,t)- Xe (a;, 0) = e A;^; (^j Xe{x,s)ds 
Therefore, by (|3l06| . (I3J07)) and ((3lOT|) we obtain 

A,Q,,,,(x,i) =div, \^e{t{he)-^)ey ^xe{x,t) + h-^e' {t{he)-^)y ^(^j^ Xe{x,s)ds^ 

— h^^O' {t{he)^'^^{ I f I Kh{z, s)u{x + erz^STs) ® z dzdsdr 

J J sKh(z, s^f(^u{x + eTz,eTs)j dzdsdr^ 

and since Kh{r) :— Ki{r/h)/h^~^^ we obtain 

^xQh.eix, t) = div, J e{t{he)-^)eV,Xe{x, t) + h'^ 6' {t{he)~^)V ^ Xe{x, s)ds 



(3.107) 



(3.108) 



h ^9'{t{he) ^) [ / / Ki[z, s)u{x + ehTz,ehTs) ® z dzdsdr 



a / ski{^z,s^F(u{x + ehTz,ehTs)j dzdsdr \ >, 



Thus 



hm 

£^0+ .70 



h6 



yxQh,eix,t) 



2h 



! f^" f . ,2 

dxdt < C Um / / £ Vi:Xe(x,t) dxdf 
Jo Jr" 



(3.109) 



C hm — , 



dxdt 



C- hm 

n. £-i.o+ 



( J Xe{x,s)ds^ 
Ki (z, s)u(a; + ehrz, ehrs) ® z dzdsdr 

2h / sKi (z, s)_F( w(x + e/iTz, e/iTs) J dzdsdr j 

Jo Jo Jr" ^ ' ) 



'0 JrJr" 



dx. (3.110) 



Therefore, 



hm 

e-s-0+ 



h6 



Jr™ 



'^xQh,e{x,t) 



hm — 

£-i-o+ h 



dxdt < C lim — 
~ \^e^0+2 

' hm -i- / 

£^0+ h'^e Jo jRN 



X^(x,0)da; - / xl{x,he)dx 







dxdt 



JR JR" 



Ki (z, s)u(a: + ehrz, ehrs) (S> z dzdsdr 



2h 



1 oo ^ \ 

/ / / SKi (z, s)F( u(a; + e/iTZ, e/irs) J dzdsdr j dx 
Jo Jo Jr« ^ ' ) 



= + C lim — , 

\ e^0+ ft^e Jo 



he 



Xe ix, s)ds 



dxdt 



lim — 

e-i-0+ h 



'0 JrJr" 

^•1 poo 



Ki (z, s)u{x + ehrz, ehrs) z dzdsdr 



dx 



lim h 

£-i.0 + 



/ 2 / sKi (z, s)F I u(a: + e/irz, e/irs) j dzdsdr 

Jr« Jo Jo Jr" ^ ^ 



dx . (3.111) 
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On the other hand 



1™ / 

e->-0+ /l^£ Jo 



he 



1 



2 /./le 

dxdt = hm / , 



dxdt < 



-ryr\ / Vj;Xj(a;,s) ds dxdt < hm 







£^0 



he 



Jm" 



hm — 

£^0+ 2 



elV^Xel dxdt 
Xi{x,0)dx- [ xUx,he)dx\ =0. (3.112) 



Then, by p.llip and p.ll2p we obtain 

rhe 



hm / / - 

e-^0+ Jq Jrjv e 



'^xQh,e{x,t) 

< C Ih^ i 

e-!-0+ h 



dxdt 



jrJr" 



Ki (z, s)z (g) u(a; + ehrz, ehrs) dzdsdr 



dx 



C lim h 

e-i-0+ 



=0 + O(/i). (3.113) 



L (z, s)f|^w(x + e/iTZ, e/iTs)^ dzdsdr 

Thus by (|3J6l) . ([SJT]) and ([3lT3l) we deduce (|3J4l) . Therefore, by ^3M\i . ([3^4]) . and ([3^3]) we obtam 

2 1 



hm 



/O "'R" 



dxdt < 



Va;{V„?7(uh,e(a;,i))} +- "^xHp^uh.A^ii) 

'' Eo(u+{x,t),u-{x,t),v{x,t)^ dn'^{x,t) + S + 0{h^/^) , (3.114) 



< 



Therefore, taking h sufficiently smaU and := Uf^^^ and := —V^Hp ^h e + P{'^h.e)i by p.ll4p and the fact 
that Uh^e{x,T) = Uh,e{x,T) = u'fl{x,T) u{x,T) in L2(R^,R'=) we finally deduce (|X7g|) . (where as before we 
can define the corresponding function Wg). □ 

The following Theorem, provides the lower bound for the functional, related to conservation laws. 

Theorem 3.2. Let F{u) e CHR'', R'^'"'^) and r]{u) e C3(R'=,R) be a convex entropy for the correspond- 
ing system p.36p . which satisfies 7]{u) > 0, ?7(0) = and \F{u)\ < C(|u| + l) Vu G R'^', for some con- 
stant C > 0. Furthermore, let u G E^f (see Definition \ 3.4\l - Then for every sequence of functions Ue{x,t) G 
i2(o,T;iJi(R^,R'=)) nC([0,T];i2(KJV^Kfc)) n L°° and L,{x,t) G L^{R'^ x (0,T),R'=^^) such that u, ^ u in 
i2(K^ X (0,T);R'^'), L, i^(w) m ^^(rJV ^ (o,T);R'=^^) and + div^^ = we have 



lim ■ 



V:,{V„?7(ue(a;,i))} V- L,(x,t)-F(u,(x,t)) ) da;di+ / ?7(u,(a;, T)) dx [> = 



lim 

I Jo ./r" 



7a;|v„?7(div:r i;£(a;,t))| 





^ 1 


)} 


+ - 



dtVe{x,t) + F(diVa; Ve{x,t)) 



dxdt 



> hm 

I Jo ^M" 



?7(div3, Ve{x,T)) dx 



2 1 

V^{V„?7(u,(x,t))} + - V^i/K„,(x,t) 



> 



dxdi 



^ /o(u'^(a;,i):""(a^;*)>»^(^7^)) dH^ix,t) 

where Hp.uAx^t) G ^^(o, T; iJoH^^, K*-')) satisfies 

A^Hp^uA^^t) = dtu^x^t) + div^ F{ue{x,t)) , 



ri{ue{x,T)) dx I 
r;(u(a;,T)) dx, (3.115) 

(3.116) 
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Ve{x,t) e iL(l*^ X (0,r),R'=^^) is such that Ue{x,t) = div^Ve{x,t) and Le{x,t) = -dtVe{x,t), 



/o(u , w ,i'):=inf< lim / |e 



{v„77(Cs(y, s)) } p + i|7e(2/, s) - F(Ce(2/, s)) 



dyds : 



and dsCeiy, s) + divy ^^iv, s) =o\ 



inf -j lim J ye Vy 





2 1 
+ - 


)] 


e 



dyds 



div, ^ X{y, u+, u-,iy) m L^{uX) ~ ^ xiv, u-,iy, F) m L^{uX'''') > , (3.117) 



and 



x{y,u+,u ,u) 



if y ■ u > , 
u- if y-u <0, 



F{u+) ifyu>Q, 
F{u^) if y ■ v> <0 . 

Finally for a.e. {x,t) G J„ we have /q u~ (x), i/(a;)) — \v>x{x,t)\lo(u'^{x),u^ {x),l'{x)') , where 



Iq[u~^,u ,1/) inf < lim 

e^o+ J I, 



{VuviCeiy, «)) } f + J |7e(y, s) - F^{Uy, s)) 



dyds 



and dsC,e{y, s) + divj, 7£(y, s) = o| 



inf < lim / [ e 



dyds 



diY^ie^ X{y,u+,u ,u') m L'^(I^,,R'') - d^Ce xiy,u"^ ,u ,u' ,F^) in L^{I^, , . 



(3.118) 



where we denote 



F^{u) := F{u) + {i's/\vy\'^){u®Uy] Vm G 



(3.119) 



1/ = (/^y,i^s) = (i^2:,i^t) e X M anrf i/' := {v'y/\vy\,{)) . Here I„ := {y £ R^+i : |y ■ Vj\ < 1/2 Vj = 
1,2...A^} where {i'i,v>2, ■ ■ ■ ,i^n,i^n+i} C M^+"'^ is an orthonormal base in MJ^^^ such that Vi i> and 
J^' {y e : \y ■ v>'j\ < 1/2 Vj = 1,2. . .iV} where {i^i, i^^, . . . , iv^, zy^_^ J C IR^+^ is an orthonormal 

base in M^+-'^ such that u'^ :— v' and i^'tv+i '■— (0, 0, . . . , 1). 



Proof. The inequality p.llSp follows by Theorem 3.1 in [3 3) or by Theorem 3.3 in f33|. Finally we can prove 
equality 

U{u^{x),u^{x),v{x)) = \vx(x,t)\h{u^{x),u'{x),v{x)) 
in the similar way as we proved the equality p. 531) . □ 



A Notations and basic results about 51/-functions 



• For given a real topological linear space X we denote by X* the dual space (the space of continuous linear 
functionals from X to R). 
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For given h € X and x* G X* we denote by (/i, x*)^^^, the value in M of the functional x* on the vector 
h. 

For given two normed linear spaces X and Y we denote by C(X; Y) the linear space of continuous 
(bounded) linear operators from X to F. 

For given A £ C{X;Y) and ft. G X we denote hy A ■ h the value in Y of the operator A on the vector h. 

For given two reflexive Banach spaces X,Y and S £ £{X;Y) we denote by S* G £{Y*;X*) the corre- 
sponding adjoint operator, which satisfy 

(a;, S* ■ y*)xxx' •= ' ^' y*)YxY' ^"^^^y y* eY* andx e X . 

Given open set G C we denote by 'D{G,R'^) the real topological linear space of compactly supported 
M**- valued test functions i.e. C^{G,'R'^) with the usual topology. 

We denote V'{G,R'^) := {V{G,R'^)}* (the space of M'' valued distributions in G). 

Given h G V'{G,R'^) and 5 G V{G,R'^) we denote < 6,h>:= ('5, M<i)xi>'(G M<i) i-^- '^^^"^ °f 
the distribution h on the test function S. 

Given a linear operator A G R'^) and a distribution /i G f '(G, M'') we denote by the distribution 

in 2?'(G,R'=) defined by 

<6,A-h>:=< A* ■S,h> V5 G I>(G,R'=). 

Given ft G 2?'(G,R'^) and 5 G D(G,IR) by < 5, ft > we denote the vector in R'' which satisfy < d,h > 
■e :=< 6e, ft > for every e G R'^. 

1/2 

For apx q matrix A with ij-th entry a^- we denote by \A\ = (S^^^S^^^a? ) the Frobenius norm of A. 

For two matrices A, B gR^^'^ with ij'-th entries fly and 6ij respectively, we write 

p '1 

A:B:= J2 T, aijhj- 

i=ij=i 

For the p x q matrix A with ij-th entry atj and for the q x d matrix B with ij-th entry bij we denote by 

AB := A ■ B their product, i.e. the p x d matrix, with ij-th entry ^ aikbkj- 

fe=i 

We identify the tt = {ui, . . . , Wq) G with the q x 1 matrix A with il-th entry (/,,;, so that for the p x q 

matrix A with ij-th entry and for v = {vi,V2, ■ ■ ■ ,Vq) G M"^ we denote hy Av := A-v the p-dimensional 

q 

vector u = {ui, . . . , Up) G R^, given by m, = J2 o-ikVk for every 1 <i <p. 

fe=i 

As usual denotes the transpose of the matrix A. 

p 

For u = (wi, . . . , Up) G R^ and = (wi, . . . , Wp) G we denote hy uv := u ■ v ~ ^ Wfc^^fe the standard 
scalar product. We also note that uv = u^v = v^u as products of matrices. 

For u = (ui, . . . , Up) G R^ and d = (wi, . . . , Ug) G ffi' we denote hy u®v the p x g matrix with ij-th entry 
WjWj (i.e. u®v = uv'^ as product of matrices). 

For any pxq matrix A with ij-th entry a^- and v = {vi,V2, ■ ■ ■ , va) G M** we denote hy A^v the pxqxd 
tensor with ijk-th entry a^t;/;. 

Given a vector valued function f{x) = (/i(a;), . . . , fk{x)) : O — >■ (f2 C R^) we denote by £>/ or by 
Vx/ the k X N matrix with ij-th entry 5^. 



35 





^) 


= {y 


e I 




: \y 




^) 


^{y 


e I 
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^) 


= {y 


e I 







• Given a matrix valued function F{x) {i^y (x)} : K*^^^ (f2 C R^) we denote by div F the 
M'^-valued vector field defined by div F := {li, . . . , Ik) where h = J2 "dx^' 

• Given a matrix valued function F{x) = {/„ (a;)}(l < i < p, I < j < q) : Vl ^ {n C M^) we denote 
by DF or by V xF the p x q x N tensor with zjfc-th entry 

• For every dimension d we denote by / the unit d x d-matrix and by O the null d x d-matrix. 

• Given a vector valued measure fi ~ (/ii, . . . , /i^) (where for any 1 < j < k, iij is a finite signed measure) 
we denote by its total variation measure of the set E. 

• For any /i-measurable function /, we define the product measure / • /i by: / • = /g f dfi, for every 
/i-measurable set E. 

• Throughout this paper we assume that C is an open set. 

In what follows we present some known results on BV-spaces. We rely mainly on the book [J] by Ambrosio, 
Fusco and Pallara. Other sources are the books by Hudjaev and Volpert [35], Giusti [TH] and Evans and 
Gariepy [T7]. We begin by introducing some notation. For every i/ G S^^^ (the unit sphere in E.^) and R> 
we set 

\<R,{y-x)-u>0}, (A.l) 
<R,{y-x)-u<0}, (A.2) 
]-u>0}, (A.3) 
)-u <0} (A.4) 

and 

Hi: = {yeR'' : yu^O}. (A.5) 

Next we recall the definition of the space of functions with bounded variation. In what follows, £^ denotes the 
Lebesgue measure in M.^ . 

Definition A.l. Let f7 be a domain in and let / e L^{n,W"). We say that / e BV{n,R"') if 

/ \Df\:^ sup \ / ^/fediv (^fcd/:^ : £ Ci(r!, M^) Vfc, ^ |(^fc(x)|2 < 1 Vx G I 
Jn ^J^k=i fc=i J 

is finite. In this case we define the BV-norm of / by + \Df\. 

We recall below some basic notions in Geometric Measure Theory (see [1]). 

Definition A.2. Let 17 be a domain in R^. Consider a function / S Lj^^{U,M."^) and a point x ^ fl. 

i) We say that a; is a point of approximate continuity of / if there exists z £ R"* such that 

iB.ix) \fiy) -^\dy ^ 

lim — ' , 7 — . 

P^o+ C^{Bp{x)) 

In this case z is called an approximate limit of / at a; and we denote z by f{x). The set of points of approximate 
continuity of / is denoted by G/. 

ii) We say that x is an approximate jump point of / if there exist a,b G R™ and u e S^^^ such that a b and 
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The triple (a, &, f), uniquely determined by (jA.6l) up to a permutation of (a, 6) and a change of sign of u, is 
denoted by {f^ {x), f~ {x),i> f{x)). We shall call Vf{x) the approximate jump vector and we shall sometimes 
write simply if the reference to the function / is clear. The set of approximate jump points is denoted by 
Jf. A choice of f (a;) for every x ^ Jf (which is unique up to sign) determines an orientation of J/. At a point 
of approximate continuity x, we shall use the convention f^{x) = f~{x) = f{x). 

We recall the following results on BV- functions that we shall use in the sequel. They are all taken from [4]. 
In all of them 17 is a domain in and / belongs to BV{n,W^). 

Theorem A.l (Theorems 3.69 and 3.78 from 4 ). 

i) H^^^ -almost every point m \ Jy is a point of approximate continuity of f . 

a) The set Jf is a countably -rectifiahle Borel set, oriented by f(x). In other words, Jf is a-finite with 

respect to H^^^, there exist countably many hypersurfaces {S'fc}^]^ such that Ti^^^i Jf\ IJ Sk) — 0, and 

^ k=l ' 

for "H^^^-almost every x G J/ H Sk, the approximate jump vector i'{x) is normal to Sk at the point x. 
^n) [{f+ - f-)®Uf]{x)^L\jf,dU''-^). 

Theorem A. 2 (Theorems 3.92 and 3.78 from |4j). The distributional gradient Df can be decomposed as a sum 
of three Borel regular finite matrix-valued measures on Vt, 

Df = D^f + D'^f + D^f 

with 

D''f = iVf)C'' and f = {f+ ~ f-) ® u fU^^-^J f . 

D"^ , D'^ and are called absolutely continuous part. Cantor and jump part of Df , respectively, and V/ £ 
i^(fi,R™^^) is the approximate differential of f . The three parts are mutually singular to each other. Moreover 
we have the following properties: 

i) The support of D'^f is concentrated on a set of -measure zero, but {D^f){B) — for any Borel set B C fl 
which is a-finite with respect to Ti^^^; 

a) [D''f]{f-^{H)) = and [D" f]{f-^{H)) = for every H dW^ satisfying n^{H) ^ 0. 

Theorem A.3 (Volpert chain rule, Theorems 3.96 and 3.99 from [4 ). Let $ G C^(M™,M«) be a Lipschitz 
function satisfying $(0) = if = oo. Then, v{x) = ($ o f){x) belongs to BV{fl,M.'^) and we have 

D-v = S/<^{f)\7fC'', D-v^V<^{f)D-f, D^v = [^f+) - <i>{f-)] (g> UfH^'-^Jf . 

We also recall that the trace operator T is a continuous map from BV{fl), endowed with the strong topology 
(or more generally, the topology induced by strict convergence), to L^{dil,T-L^~^i-dn), provided that ft has a 
bounded Lipschitz boundary (see 01 Theorems 3.87 and 3.88]). 
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